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WEAKLY PERTURBED BOUNDARY-VALUE PROBLEMS FOR THE FREDHOLM
INTEGRAL EQUATIONS WITH DEGENERATE KERNEL IN BANACH SPACES

V. F. Zhuravlev and N. P. Fomin UDC 517.983

We consider weakly perturbed boundary-value problems for the Fredholm integral equations with dege-
nerate kernel in Banach spaces and establish the conditions of bifurcation from the point ¢ = 0 for the
solutions of weakly perturbed boundary-value problems for Fredholm integral equations with degenerate
kernel in Banach spaces. A convergent iterative procedure is proposed for finding the solutions in the

. +oo .
form of series E — &' z; (¢) in powers of .
i=—

In the present paper, we continue the investigations originated in [1] for the analysis of the conditions of
solvability and the construction of solutions of weakly perturbed Fredholm integral equations with degenerate
kernel in Banach spaces.

The problems of creation of efficient methods aimed at the analysis of weakly nonlinear boundary-value prob-
lems for a broad class of systems of functional-differential equations and other types of equations traditionally
occupy one of the most important places in the qualitative theory of differential equations and continue the de-
velopment of the methods of perturbation theory, including, in particular, the Lyapunov—Poincaré [2] and Vishik—
Lyusternik [3] methods of small parameter.

The conditions of solvability of the solutions of weakly perturbed boundary-value problems for systems of
ordinary differential and functional-differential equations with Noetherian linear part in Euclidean spaces and the
problem of construction of their solutions were studied in [4-6].

These methods were successfully applied by Boichuk and Panasenko in [7] to the investigation of weakly
perturbed boundary-value problems for systems of ordinary differential equations in Banach spaces. It is known
that the differential system of linear generating (¢ = 0) boundary-value problem possesses a solution for any
right-hand side, i.e., according to the classification of S. Krein [8], it is everywhere solvable.

In [9], Boichuk and Shegda studied weakly perturbed boundary-value problems for singular differential equa-
tions that are not everywhere solvable in finite-dimensional spaces.

As a specific feature of the investigation of boundary-value problems for system of integral equations, we can
mention the absence of inverse operators for the operators of their linear part [10], which significantly complicates
the investigation of boundary-value problems for these equations. Hence, the problem of investigation of the
conditions of appearance of the solutions of weakly perturbed boundary-value problems for the Fredholm integral
equations with degenerate kernel that are not everywhere solvable in Banach spaces seems to be quite urgent.

Statement of the Problem

Let C(Z, B1) be a Banach space of vector functions f(¢) continuous on a finite segment Z = [a, b] with values
in the Banach space By, let

f@) € C@B) = {fO:T > Br|ll /1]l = swp | F O}
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and let B be a Banach space.
Consider a weakly perturbed linear boundary-value problem

b b
(Lz)(t) :==z(t) — M(¢) [ N(s)z(s)ds = f(t) + 8/ K(,5)z(s)ds, (1)

bz() =a+ebiz(), 2

where the operator functions M(¢) and N(¢) act from the space By into B; and are strongly continuous [11] with
the norms

[IM]|] = sup [M(2)|lB, = Mo < oo and [|[N][| = sup|[N(1)[ls, = No < oo,
1€ 1€

the operator function K (z, s) is defined in the square Z x Z, acts from the Banach space B; into B; with respect to
each variable, and is strongly continuous in ¢ and s with the norm

K|l = sup [|K(,5)]B, < o0,

t,s€T

the vector function f(z) belongs to C(Z,B;), £ and £; are linear continuous operators acting from the space
C(Z,B)) into the Banach space B: £: C(Z,B1) — B, £1: C(Z,B;) — B, « is an element of the space B:« € B,
and ¢ << 1 is a small parameter.

Assume that the generating boundary-value problem obtained from (1), (2) fore = 0

b
(Lz)(1) = z(t) - M(t)/N(S)Z(S)dS = /(. 3

lz() =« “)

has no solutions for any inhomogeneities f(¢) € C(Z,B1) and @ € B.

It is of interest to answer the question whether problem (1), (2) can be made solvable with the help of linear
perturbations and clarify the conditions imposed on the operator function K(¢, s) in the integral equation (1) and
the operator £ in the boundary condition (2). To study the existence of solutions of these problems, we use the
methods of the theory of generalized invertible operators.

Preliminary Information

Consider the Fredholm integral equation (3) with degenerate kernel.
Let

b
D = Iy, —/N(S)M(S) ds

be a linear operator acting from the Banach space B; into B1 bounded under the conditions imposed on the operator
functions M (¢) and N(t).
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By GI(B, B) we denote a class of linear bounded generalized inverse operators acting from the Banach space
B into the Banach space B. It is clear that the operators from GI(B, B) are normally solvable [8, 12].
In [10], it is shown that if an operator D belongs to GI(B1, B1), then, under the condition

b
PYD/N(s)f(s)ds =0

and only under this condition, the operator equation (3) is solvable and has a family of solutions

z(t) = M(@t)Pnpyc + (L™ f) (2), )

where c is an arbitrary element of the Banach space B; and

b
(L™ ) @) = f@) + M(I)D_fN(S)f(S) ds

is the bounded generalized inverse operator for the integral operator L. Here, Py(p):B1 — N(D) is a bounded
projector that projects the Banach space B onto the null space N(D) of the operator D, Py,,:B; — Yp is the
bounded projector that projects the Banach space By onto the subspace Yp isomorphic to the null space N(D*) of
the adjoint operator D*, and D~ is the generalized inverse operator that can be constructed by using the method
proposed in [5, 6, 14].

Further, in the Banach space B, we consider the linear boundary-value problem (3), (4) for the Fredholm
integral equation with degenerate kernel.

We seek the solution of the boundary-value problem (3), (4) for the integral equation in the Banach space
C(Z,B) of functions z(¢) continuous on the segment Z and taking values from the real Banach space B;. Sub-
stituting solution (5) of the inhomogeneous operator equation (3) in the boundary condition (4), we arrive at the
operator equation

b
LM )Pnpy)c +Lf () +EM()D™ f N(s)f(s)ds = a. (6)

By Q = €{M(-)Pn(p) we denote an operator acting from the Banach space B into the Banach space B. The
operator Q is bounded because it is a superposition of the bounded operator £ and the bounded operator function
M(t)Pn(p)- Thus, Eq. (6) takes the form

b
Qc=a—Lf() —EM(-)D_/N(s)f(s)ds.

Assume that the operator Q belongs to GI(By, B). By Py(g):B1 — N(Q) we denote a bounded projector
of the Banach space By onto the null space N(Q) of the operator Q and by Py, :B — Yg we denote a bounded
projector of the Banach space B onto the subspace Yo C B.
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Theorem 1 [13]. Suppose that D € GI(B1,B1) and Q € GI(B1, B).
Then the homogeneous boundary-value problem for (3), (4) with f(t) = 0 and « = 0 has a family of solutions

z(t) = M(t)c, )

where

M(t) = M(t)PnyPn(o)

and c is an arbitrary element of the Banach space B1.
The inhomogeneous boundary-value problem (3), (4) is solvable for those and only those f(t) € C(Z,B1)
and o € B that satisfy the system of conditions

b
Prp / N(s) f(s)ds =0,

b
Pyo |a—Lf()—EM(-)D™ / N(s) f(s)ds | =0,

and, in addition, possesses a family of solutions
2(t) = M(0)e + (G (1) + M) Py Q.

where

(GH@) = [f() = M(tYPrnyQ ¢/ ()]

b
+ M) I, — Prepy 0~ EM()] D™ [ N(s) f(s) ds ®)

is the generalized Green operator for the semihomogeneous boundary-value problem (3), (4) with o = 0.

Main Result

To solve the posed problem, we use the Vishik—Lyusternik method [3] and establish the conditions of appear-
ance of solutions of the boundary-value problem (1), (2) in the form of a part of the series

400
z(te) = ) e'zi(0) ©)

i=—1

in powers of the small parameter & containing a negative power of ¢.
We substitute series (9) in the boundary-value problem (3), (4) and equate the coefficients of the same powers
of e.
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1

For e7*, we arrive at the following homogeneous boundary-value problem:

b
zAu»wﬂﬂmeLuwM=a

lz_1() =0

for the determination of z_y (¢).
By Theorem 1, the homogeneous boundary-value problem (10), (11) possesses a solution

z_1(t,c—1) = M(Z)C_l,

where c_; € By is an arbitrary element determined in what follows.
Equating the coefficients of £°, we arrive at the boundary-value problem

b b
zo(t)—M(t)/N(s)zo(s) ds = f(t) —I—/K(t,s)z_l(s) ds,

lzo() =a +L1z-1(")

for the coefficient zg(z).

(10)

(11)

(12)

(13)

(14)

By Theorem 1, the linear inhomogeneous boundary-value problem (13), (14) is solvable if and only if the

system of conditions

b

b
mb/Nm ﬂﬂ+/K@ﬂLﬂﬂw ds =0,

a

b
Pyo 4o+ M (Yemr —L | f() + / K(-,5)z_1(s)ds

b b
—ZM(-)D_[N(S) f(s)—i—/K(s,t)z_l(r)dr dsy =0

is satisfied. Substituting z_; (¢, c—) from (12), we obtain the system of equations

b b
PYD/N(S) f(s)+/K(s,r)M(t)c_1dt ds =0,

b
Pro {a+ 6T Oea —t| 0+ [ Keoo) T s ds

(15)
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b b
—KM(-)D_/N(S) f(s)+/K(s,r)M(r)c_1dr dsy = 0.
Denoting

b b
Pry / N(s) / K(s. )M (0) d ds

—~ b —~
Bo = | Pro {EIM(J —¢ f K(.5)M(s) ds , (16)

b b
—(M()D~ / N(s) / K(s,r)ﬁ(f)dzds}

we derive the following operator equation for the element c_; € B from (15):

b
Py, / N(s) f(s) ds

B()C_1 = — . (17)

b
Pro {a 4O~ tMOD [ NG 16 ds}

The operator By acts from the Banach space By into the direct product of Banach spaces By x B. Assume that
the operator By belongs to GI(By, By x B). Then it is normally solvable and there exist bounded projectors

Pn(Bo): Bt = N(Bo) and Py, :ByxB — Y,

and the bounded generalized inverse operator B, : By x B — By for the operator By.
In view of the normal solvability of the operator By, Eq. (17) has a solution if and only if its right-hand side
satisfies the conditions

b
Py, / N(s) f(s) ds
PYBO =0.
b
PYQ {ot —Lf()— EM(~)D_/ N(s) f(s) ds}

The last condition is satisfied provided that the condition

Pryp
PYBO =0 (18)
Py,
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is satisfied and, in addition, the operator equation (17) possesses at least one solution

b
PYD/ N(s) f(s)ds

b
Py, {oc —Lf() —ZM(~)D_/ N(s) f(s) ds}

Substituting the obtained c—; in (12), we get the solution

b
Py, [ N(s) f(s) ds
zoi(t,eo1) = =M (1) By

b
Pro {a L/ =MD [ NG F6 ds}

of the boundary-value problem (10), (11). Moreover, the boundary-value problem (13), (14) possesses a family of
solutions

20(t,co) = M (t)co + Zo(1), (19)

where cg € Bj is an arbitrary element of the space By determined in the next step of the iterative process,

b
Z0(t) = M) Pyy 0 o + Lz (el + | 6 | 700 + / KC.s)z_1(s)ds | | ).

and G is the generalized Green operator (8).
The generalized Green operator G of the boundary-value problem (13), (14) acts upon the operator function

b
f(t)+/K(Z,S)Z_1(S) ds

by the rule

b b
G f(-)+/K(~,s)z_1(s)ds () := f(t)+/K(t,s)z_1(s)ds

b
~MO)PNy0 | fO) + / K(-5)z_1(s) ds

+ M) [18, — Pnp)Q EM(")]
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b b
x D™ / N(@s) | f(s)+ / K(s,t)z_1(s)dt | ds.
a a

For ¢!, we arrive at the following boundary-value problem for the coefficient z{ (¢):

b b
Zl(l)—M(t)/N(S)Zl(S) ds = /K(t,s)zo(s) ds, (20)

lz1(-) = L120(). (21

By Theorem 1, the linear inhomogeneous boundary-value problem (20), (21) is solvable if and only if the
system of conditions

b b
PYD/N(S)/K(s,r)zo(r)drds =0,

b
Pro €1 [M()co + 20()] — € / K(-5)z0(s)ds

b b
—EM(-)D_/N(s)/K(s,r)Zo(r)dtds =0

is satisfied. Substituting zo(¢, co) from (19) and using (16), we get the following operator equation for the element
co € B1:

b b
Pry / NGs) / K(s. 0)z0(x) d1 ds
Boco = . . - (22)
Py, {ﬁﬁo(-)—ﬁM(-)D_/ N(s)/ K(s,t)Zo(r)dtds}

In view of the normal solvability of the operator By, Eq. (22) possesses a solution if and only if its right-hand side
satisfies the condition

b b
PYD[ N(S)/ K(s,t)zo(r)dt ds

b b
PYQ{&ZO(-)—KM(JD_/ N(s)/ K(s,r)Zo(t)dtds}
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In the case where (18) is true, this condition is satisfied and the operator equation (22) has at least one solution

[ b b -
Pry / Ns) / K(s. 0)z0(0) dr ds

co = _BO—

b b
Py, {Elio(-)—ﬁM(-)D_/ N(s)/ K(S,I)Zo(t)drds}

Substituting cg in (19), we obtain the following solution of the boundary-value problem (13), (14):

b b
PYD/ N(S)/ K(s,t)zo(r)dt ds
Z0(t.co)==M (1) By + Zo(1).

b b
Py, {6120(-)—£M(-)D_/ N(s)/ K(s,t)Zo(t)drds}

Moreover, the boundary-value problem (20), (21) has a family of solutions
z1(t,¢1) = M(t)ey + 21 (1), (23)
where

b
21(1) = M) Pyy 0 tizo() + | G | 70 + / K(.5)z0()ds | | ).

G is the generalized Green operator (8), and ¢; € By is an arbitrary element of the space B; determined in the next
step of the iterative process.
For &2, we get the following boundary-value problem for the coefficient z5(¢):

b b
Zo(t) — M(¢) / N(s)za(s)ds = /K(t,s)zl(s) ds, (24)
€z3() = €121 (). (25)

By Theorem 1, the inhomogeneous linear boundary-value problem (24), (25) is solvable if and only if the
system of conditions

b b
PYD/N(S)/K(S,T)Zl(T)dT ds =0,

b
Pro 10 [M(er +510)] — ¢ / K(-5)z1(s) ds
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b b
—EM(-)D_/N(S)/K(s,r)zl(r)drds =0

257

is satisfied. Substituting z1 (¢, c;) from (23) and using (16), we arrive at the following operator equation for the

element ¢; € By:

Bocy

b b
PYD/ N(s)/ K(s,7)z1(r)dtds

b b
PYQ{Elil(-)—EM(-)D_/ N(s)/ K(s,t)Zl(r)dtds}

(26)

In view of the normal solvability of the operator By, Eq. (26) is solvable if and only if its right-hand side

satisfies the conditions

Pys,

b b
PYQ{Klfl(-)—EM(-)D_/ N(s)/ K(s,f)Zl(r)dfds}

b b
7>YD/ N(S)/ K(s,7t)z1(r)dt ds

Under condition (18), these conditions are satisfied and the operator equation (26) has at least one solution

c1 = _BO_

b b
Pry / NGs) / K(s.1)70 () d e ds

b b
PYQ{E121(~)—EM(-)D_/ N(s)/ K(S,I)Zl(r)drds}

Substituting the obtained ¢ in (23), we get the following solution of the boundary-value problem (20), (21):

21()=—M (@) By

b b
PYD/ N(S)/ K(s,7)z1(r)dt ds

b b
PYQ{Elél(-)—ﬁM(-)D_/ N(s)f K(s,t)Zl(f)drds}

Moreover, the boundary-value problem (24), (25) possesses a family of solutions

2(t,¢2) = M(t)ea + Za(1),

+z1(2).
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where

b
22(6) = M(YPyy 0~z + [ 6 | O + f KC.5)z1(s)ds | | ),

G is the generalized Green operator (8), and c3 is an arbitrary element of the space By determined in the next step
of the iterative process.
By induction, we obtain the following boundary-value problems for the coefficients z; (¢) of &' of series (9):

b b
zi(t)—M(t)/N(s)zi(s) ds :/K(t,s)zi_l(s) ds, 27)

EZ,'(-) = K]Z,'_l(-). (28)

By Theorem 1, the linear inhomogeneous boundary-value problems (27), (28) are solvable if and only if the
system of conditions

b b
pYD[N(S)/K(S’T)Zi—l(f)dfds =0,
b
Pro b [M()eiz1 + Zi-1()] —ﬁ/ K(,8)zi—1(s)ds

b b
—EM(-)D_[N(S)/K(s,r)zi_l(t)drds =0

is satisfied. Substituting
zica(t.cic1) = M(t)cio1 + Zi-1 (1) (29)
and using (16), we arrive at the operator equations for the elements ¢;—; € By:
b b
Pyp /a N(s) /(; K(s,t)zi—1(v)dtds

Boci—1 = — . (30)
b b
Py, {Zlii_1(~)—ﬁM(-)D_/ N(s)/ K(s,r)Zi_l(t)drds}

In view of the normal solvability of the operator By, Eqs. (30) are solvable if and only if
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b b
PYD/ N(s)/ K(s,7)zi—1(r)dt ds
Py, , , =0. 31)
PYQ{Zlfi_l(-)—EM(JD_/ N(s)/ K(s,t)ii_l(r)dtds}

Under condition (18), conditions (31) are satisfied and each of the operator equations (30) possesses at least
one solution

b b
PYD/ N(S)/ K(s,7)z;—1(r)dt ds

ci-1 = —Bgy
b

b
Py, {5120(-)—€M(-)D_/ N(s)/ K(s, r)éi_l(r)drds}

Substituting c;—1 in (29), we obtain solutions of the boundary-value problems (27), (28):

zica(t) = =M (1) By

b b
Pro [ N6 [ K070 drds
% + Zi—1(1),
b b
PYQ {Elzi—l(')_gM(')D_/ N(S)/ K(s,t)zi—1(v)drt ds}

where
b
5() = M) Py 0 iz () + | G [ K, 5)zi1(s)ds | (0.

Thus, we get the following iterative algorithm for the construction of solution of the boundary-value problem

(D, @)

(32)

M@)Pnp)yPn(o)c-1 for i =—1,
zi(t,ci) =

M@)Pnp)yPn(g)ci + Zi(t) for i =0,00,
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b
Py, / N(s) f(s)ds

—B; | Py, {a—ﬁf(-)—KM(-)D_ for i=—1,

b
X / N(s) f(s) ds}

¢ = (33)
- b -

b
PYD/ N(s)/ K(s,7)zi(t)dt ds

b -
-By | Py, {5121'(') —EM(')D_/ N(s) for i =0,00,
a

b
X / K(s,1)z; (r)dtds}

[ M()PnpyQ [+ L1z—1 (- c—1)]

b
+ (G |:f() +/ K(-,8)z_1(s) dsj|) (t) for i =0,
2:(0) = ’ (34)

M(t)Pnp)yQ €1zi-1(-)

b
(G/K(-,s)zil(s) ds) (1)

r b
f(@) + / K(t,s)z—1(s)ds — M(t)Pnp)Q ¢

b
+ (G/ K(,8)zi—1(s) ds) () for i =1,

b
x [f(-) 4 / K(28)z-1(5) ds]
+M(t) [Is, — PnpyQ EM(")]

b b
XD_/ N(s) |:f(s) + / K(s, T)Z—I(S)dfj| ds for i =0,
a a (35)

b
/ K(t.5)zi—1(5) ds — M())Py(py O~

b
<t [ Kes)zi1(5)ds + MO) [Tny = Py @ EMO)]

b b
xD_[ N(s)/ K(s,t)z_1(s)dt ds for i =1,00.
a a
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The convergence of series (9) can be proved by using the method proposed in [1, 5, 7].

Theorem 2. Suppose that D € GI(By,By), O € GI(By,B), and the generating boundary-value problem
(3), (4) does not have solutions for arbitrary inhomogeneities f(t) € C(Z,By) ando € B.
If the operator

B() € GI(B],B] X B)

and conditions (18) are satisfied, then, for any inhomogeneities f(t) € C(Z,B1) and « € B, the weakly perturbed
boundary-value problem (1), (2) possesses a family of solutions in the form of a series

+00
z(t,e) = Z ez (t)

i=—1

absolutely convergent for any fixed ¢ € (0, x| whose coefficients are determined by using the iterative algorithm

(32)—(35).

Remark 1. 1f Py(p,) = 0, then the operator equations (17), (22), etc., are n-normal and uniquely solvable in
each step of the iterative process [14]. Moreover, the operator By, is the left inverse operator (Bo)l_l.

Thus, in the case where conditions (18) are satisfied, the boundary-value problem (1), (2) possesses a family of
solutions in the form of series (4) whose coefficients are determined by the iterative algorithm (32)—(35) in which

By = (Bo); -

Remark 2. 1If PYBO = 0, then the operator equations (17), (22), etc., are d-normal and everywhere solvable
in each step of the iterative process [14]. Moreover, the operator By, is the right inverse operator (Bo); L.

Then conditions (18) are always satisfied and, for any inhomogeneities f(¢) € C(Z, B;), the boundary-value
problem (1), (2) possesses a family of solutions in the form of series (4) whose coefficients are determined by the
iterative algorithm (32)—(35) with

By = (Bo); .

Remark 3. Conditions (18) are sufficient for the existence of solution of the boundary-value problem (1), (2).
If these conditions are not satisfied, then the solution of the boundary-value problem (1), (2) in the form of series
(4) does not exist. However, the solution of the boundary-value problem (1), (2) may exist in the form of a series

+o0
Z g'zi(1).
i=—2
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