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WEAKLY PERTURBED FREDHOLM INTEGRAL EQUATIONS WITH
DEGENERATE KERNELS IN BANACH SPACES

V. F. Zhuravlev and N. P. Fomin UDC 517.983

We consider weakly perturbed Fredholm equations with degenerate kernels in Banach spaces and es-
tablish conditions for " D 0 to be a bifurcation point for the solutions of weakly perturbed operator
equations in Banach spaces. A convergent iterative scheme for finding solutions in the form of seriesXC1

iD�1
"izi .t/ in powers of " is proposed.

The investigation of the conditions of solvability and the construction of solutions of weakly perturbed Fred-
holm integral equations with degenerate kernels in Banach spaces continue the development of the methods of
perturbation theory and, in particular, of the Lyapunov–Poincaré [1] and Vishik–Lyusternik [2] methods of small
parameter.

These methods were successfully used for the construction of solutions of weakly perturbed boundary-value
problems for systems of ordinary differential equations and functional-differential equations with Noetherian linear
parts [3–5] in the Euclidean spaces. The approach to the investigation of differential systems in Banach spaces
proposed in [6] was applied by Boichuk and Panasenko in [7] for the investigation of weakly perturbed boundary-
value problems for systems of ordinary differential equations in Banach spaces.

It is worth noting that a differential system for the linear generating boundary-value problem ." D 0/ has
solutions for any right-hand side, i.e., according to the S. Krein classification [8], it is everywhere solvable. In
[9, 10], Boichuk, Shegda, and Holovats’ka studied weakly perturbed singular differential and integrodifferential
equations that are not everywhere solvable in finite-dimensional spaces.

Hence, the problem of investigation of the conditions required for the appearance of solutions of weakly
perturbed Fredholm integral equations with degenerate kernels in Banach spaces seems to be quite urgent.

Statement of the Problem

In a Banach space B; we consider a weakly perturbed Fredholm equation

.Lz/.t/ WD z.t/ �M.t/

bZ

a

N.s/z.s/ds D f .t/C "

bZ

a

K.t; s/z.s/ds; (1)

where the operator functionsM.t/ and N.t/ act from the real Banach space B into the same space and are strongly
continuous [6] with the norms

jjjM jjj D sup
t2I

kM.t/kB D M0 < 1
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and

jjjN jjj D sup
t2I

kN.t/kB D N0 < 1;

respectively, the operator functionK.t; s/ is defined in the square I ⇥ I; acts from the Banach space B into B with
respect to each variable, and is strongly continuous in t and s with the norm

jjjKjjj D sup
t;s2I

kK.t; s/kB D K0 < 1;

the vector function f .t/ acts from the segment I into the Banach space BW

f .t/ 2 C.I;B/ WD
¸
f .�/W I ! B; jjjf jjj D sup

t2I
kf .t/k

π
;

C.I;B/ is a Banach space of vector functions continuous on I and taking values in B; and " << 1 is a small
parameter.

Assume that the generating equation

.Lz/.t/ WD z.t/ �M.t/

bZ

a

N.s/z.s/ds D f .t/ (2)

obtained from (1) for " D 0 does not have solutions for any inhomogeneity f .t/ 2 C.I;B/:
In the present paper, by using the theory of generalized inversion of the operators [4, 5] and, in particular,

of the generalized inversion of Fredholm integral operators with degenerate kernels in Banach spaces [11], as
well as the theorems on solvability of equations with generalized invertible operators L [12, 13] , we consider
the problems of finding the conditions for the appearance of solutions of Eq. (2) perturbed by a small linear term

"

Z b

a

K.t; s/z.s/ds and the construction of the general solution of Eq. (1).

First, we present some known results necessary in what follows.

Auxiliary Information

Let z.t/ 2 C.I;B/ be a vector function acting from the segment I D Œa; bç into the Banach space B:
In the Banach space B; we consider the linear Fredholm integral equation with degenerate kernel (2).
Denote

D D IB � A; A D
bZ

a

N.s/M.s/ ds; DWB ! B:

In [11], it is shown that if D is a bounded generalized invertible operator, then the integral operator L is
generalized invertible.

To prove the generalized invertibility of the integral operator, we construct the projectors

.PN.L/z/.t/ D M.t/PN.D/

bZ

a

N.s/z.s/ds; PN.L/WC.I;B/ ! N.L/;
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.PYL
f /.t/ D M.t/PYD

bZ

a

N.s/f .s/ds; PYL
WC.I;B/ ! YL

and prove that they are bounded. Here, PN.D/ and PYD
are bounded projectors onto the null spaceN.D/ and onto

the subspace YD of the operator D; respectively, [14], which split the Banach space B into the direct topological
sums of closed subspaces

B D N.D/˚XD; B D YD ˚R.D/:

In what follows, by GI.C.I;B/;C.I;B// we denote the class of linear bounded generalized invertible op-
erators acting from the Banach space C.I;B/ into the Banach space C.I;B/: It is clear that the operators from
GI.C.I;B/;C.I;B// are normally solvable.

Theorem 1 [11]. Suppose that D belongs to GI.B;B/: Then the operator

.L�f /.t/ D f .t/CM.t/D�
bZ

a

N.s/f .s/ds (3)

is a bounded generalized inverse operator for the integral operator L; whereD� is a bounded generalized inverse
operator for the operatorD:

Theorem 2 [11]. Suppose that D belongs to GI.B;B/: Then the homogeneous integral equation for (2) has
the family of solutions

z.t/ D M.t/PN.D/c;

where c is an arbitrary element of the Banach space B:
Under the condition

PYD

bZ

a

N.s/f .s/ds D 0

and only under this condition, the inhomogeneous integral equation (2) has the family of solutions

z.t/ D M.t/PN.D/c C .L�f /.t/;

where L� is the bounded generalized inverse operator (3) for the operator L:

Main Result

To solve the posed problem, we use the Vishik–Lyusternik method [2] and determine the conditions for the
appearance of solutions of the integral equation (1) in the form of power series in the small parameter " containing
the negative powers of ":We seek the solution of Eq. (1) in the form of a series

z.t; "/ D
C1X

iD�1

"izi .t/: (4)
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We substitute series (4) in the integral equation (1) and equate the coefficients of the same powers of ":
For "�1; we arrive at the following homogeneous integral equation:

z�1.t/ �M.t/

bZ

a

N.s/z�1.s/ds D 0 (5)

for z�1.t/:

By Theorem 2, the homogeneous equation (5) possesses the solution

z�1.t; c�1/ D M.t/PN.D/c�1; (6)

where c�1 2 B is an arbitrary element determined in what follows.
Equating the coefficients of "0; we arrive at the following inhomogeneous integral equation:

z0.t/ �M.t/

bZ

a

N.s/z0.s/ds D f .t/C
bZ

a

K.t; s/z�1.s/ds (7)

for the coefficient z0.t/ of series (4).
By Theorem 2, the linear homogeneous integral equation (7) possesses solutions if and only if

PYD

bZ

a

N.s/

2

4f .s/C
bZ

a

K.s; ⌧/z�1.⌧/d⌧

3

5 ds D 0:

Substituting z�1.t; c�1/ from (6) in the last equation, we get

PYD

bZ

a

N.s/

2

4f .s/C
bZ

a

K.s; ⌧/M.⌧/PN.D/c�1d⌧

3

5 ds D 0: (8)

Denote

B0 D PYD

bZ

a

N.s/

bZ

a

K.s; ⌧/M.⌧/PN.D/d⌧ds: (9)

This enables us to derive the following operator equation for the element c�1 2 B from (8):

B0c�1 D �PYD

bZ

a

N.s/f .s/ds: (10)

Let the operator B0 2 GI.B; YD/ be generalized invertible. Then it is normally solvable and there exist
bounded projectors

PN.B0/WB ! N.B0/ and PYB0
WB ! YB0
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and a bounded generalized inverse operator B�
0 WB ! B for the operator B0:

Equation (10) may be [8]: uniquely solvable .PN.B0/ ⌘ 0/; everywhere solvable .PYB0
⌘ 0/; and not

uniquely and not everywhere solvable .PN.B0/ ¤ 0 and PYB0
¤ 0/:

We now consider the most general case where Eq. (10) is not uniquely and not everywhere solvable. By
Theorem 2, in view of the generalized invertibility of the operator B0; Eq. (10) is solvable if and only if its right-
hand side satisfies the condition

PYB0
PYD

bZ

a

N.s/f .s/ds D 0:

This condition is satisfied whenever

PYB0
PYD

D 0; (11)

and the operator equation (10) possesses a family of solutions

c�1 D PN.B0/c � B�
0 PYD

bZ

a

N.s/f .s/ ds;

where c is an arbitrary element of the Banach space B:
Substituting c�1 in (6), we get the general solution of the homogeneous integral equation (5)

z�1.t/ D M.t/PN.D/PN.B0/c �M.t/PN.D/B
�
0 PYD

bZ

a

N.s/f .s/ds:

Denoting

eB�
0 D �PN.D/B

�
0 PYD

; (12)

we finally obtain

z�1.t/ D M.t/PN.D/PN.B0/c CM.t/eB�
0

bZ

a

N.s/f .s/ ds:

If relation (11) is true, then condition (8) is satisfied and, by Theorem 2, the inhomogeneous integral equation
(7) possesses a family of solutions

z0.t; c0/ D M.t/PN.D/c0 C Nz0.t/; (13)

where c0 is an arbitrary element determined in the next step and

Nz0.t/ D L�

2

4f .�/C
bZ

a

K.�; s/z�1.s/ds

3

5 .t/
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D L�

0

@f .�/C
bZ

a

K.�; s/M.s/PN.D/PN.B0/ds c

C
bZ

a

K.�; s/M.s/eB�
0

bZ

a

N.⌧/f .⌧/d⌧ds

1

A .t/ D H�1.t/PN.B0/c C eF�1.t/:

Here,

H�1.t/ D
�
L�.eKM/.�/PN.D/

�
.t/;

eF�1.t/ D L�

2

4f .�/C .eKM.�/eB�
0

bZ

a

N.⌧/f .⌧/d⌧

3

5 .t/;

and the operator eK acts upon an operator functionM.t/ by the rule

.eKM/.t/ D
bZ

a

K.t; s/M.s/ds:

It follows from relation (3) that the action of the operator L� upon the vector function

f .t/C eKM.t/eB�
0

bZ

a

N.s/f .s/ds

is described by the formula

L�

2

4f .�/C eKM.�/eB�
0

bZ

a

N.s/f .s/ds

3

5 .t/ D f .t/C eKM.t/eB�
0

bZ

a

N.s/f .s/ds

CM.t/D�
bZ

a

N.s/

2

4f .s/C .eKM/.s/eB�
0

bZ

a

N.⌧/f .⌧/d⌧

3

5 ds:

For "1; we arrive at the following equation for the coefficient z1.t/:

z1.t/ �M.t/

bZ

a

N.s/z1.s/ds D
bZ

a

K.t; s/z0.s/ds: (14)

In view of the criterion of solvability for Eq. (14)
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PYD

bZ

a

N.s/

bZ

a

K.s; ⌧/z0.⌧/d⌧ds D 0;

by virtue of (13), we get

PYD

bZ

a

N.s/

bZ

a

K.s; ⌧/
⇥
M.⌧/PN.D/c0 C Nz0.⌧/

⇤
d⌧ds D 0:

By using notation (9), we derive the following operator equation for the element c0 2 B from the last equation:

B0c0 D �PYD

bZ

a

N.s/

bZ

a

K.s; ⌧/ Nz0.⌧/d⌧ds D �PYD

bZ

a

N.s/.eK Nz0/.s/ds; (15)

where

.eK Nz0/.s/ D
bZ

a

K.s; ⌧/ Nz0.⌧/d⌧:

Under condition (11), the operator equation (15) has the following family of solutions:

c0 D PN.B0/c � B�
0 PYD

bZ

a

N.s/.eK Nz0/.s/ ds

D PN.B0/c � B�
0 PYD

bZ

a

N.s/
�eK

⇥
H�1.s/PN.B0/c C eF�1.s/

⇤�
.s/ ds

D D0PN.B0/c C Nc0; (16)

where

D0 D IB � B�
0 PYD

bZ

a

N.s/.eKH�1/.s/ds;

Nc0 D �B�
0 PYD

bZ

a

N.s/.eKeF�1/.s/ds;

and IB is the identity operator in the Banach space B:
Substituting (16) in (13) and using (12), we find
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z0.t/ D M.t/PN.D/

⇥
D0PN.B0/c C Nc0

⇤
C Nz0.t/

D M.t/PN.D/D0PN.B0/c CM.t/PN.D/ Nc0 CH�1.t/PN.B0/c C eF�1.t/

D X0.t/PN.B0/c C Nz0.t/;

where

X0.t/ D H�1.t/CM.t/PN.D/D0 D H�1.t/

CM.t/PN.D/

2

4I � B�
0 PYD

bZ

a

N.s/.eKH�1/.s/ds

3

5

D M.t/PN.D/ C

2

4I ⇤CM.t/eB�
0

bZ

a

N.s/.eK⇤/ds

3

5H�1.t/;

Nz0.t/ D M.t/PN.D/ Nc0 C eF�1.t/ D

2

4I ⇤CM.t/eB�
0

bZ

a

N.s/
�eK⇤

�
ds

3

5eF�1.t/:

Here, I is the identity operator in the Banach space C.I;B/:
If Eq. (15) is true, then the integral equation (14) possesses a family of solutions

z1.t; c1/ D M.t/PN.D/c1 C Nz1.t/; (17)

where c1 2 B is an arbitrary element determined in the next step of the iterative process,

Nz1.t/ D L� �eKz0
�
.t/ D L�eK

�⇥
X0.t/PN.B0/c C Nz0.t/

⇤�
.t/ D H0.t/PN.B0/c C eF 0.t/;

H0.t/ D L�.eKX0/.t/;

eF 0.t/ D L�

0

@eK

2

4I ⇤CM.�/eB�
0

bZ

a

N.s/
�eK⇤

�
ds

3

5eF�1.�/

1

A .t/:

By induction, we derive the following equations for the coefficients zi .t/ of "i in series (4):

zi .t/ �M.t/

bZ

a

N.s/zi .s/ ds D
bZ

a

K.t; s/zi�1.s/ds; i D 1; 2; 3; : : : : (18)
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By using the solvability criteria for Eqs. (18)

PYD

bZ

a

N.s/

bZ

a

K.s; ⌧/zi�1.⌧/ d⌧ ds D 0;

we arrive at the following operator equations for ci :

B0ci�1 D �PYD

bZ

a

N.s/

bZ

a

K.s; ⌧/ Nzi�1.⌧/ d⌧ ds D �PYD

bZ

a

N.s/.eK Nzi�1/.s/ ds: (19)

Under condition (11), the operator equations (19) have the families of solutions

ci�1 D PN.B0/c � B�
0 PYD

bZ

a

N.s/.eK Nzi�1/.s/ ds

D PN.B0/c � B�
0 PYD

bZ

a

N.s/
�eK

⇥
Hi�2.s/PN.B0/c C eF i�2.t/

⇤�
.s/ ds

D Di�1PN.B0/c C Nci�1;

where

Di�1 D IB � B�
0 PYD

bZ

a

N.s/.eKHi�2/.s/ds;

Nci�1 D �B�
0 PYD

bZ

a

N.s/.eKeF i�2/.s/ ds:

Under condition (11) and, hence, conditions (19), the integral equations (18) possess the families of solutions

zi .t; ci / D M.t/PN.D/ci C Nzi .t/

D M.t/PN.D/ŒDiPN.B0/c C Nci çC Nzi .t/

D M.t/PN.D/DiPN.B0/c CM.t/PN.D/ Nci CHi�1.t/PN.B0/c C eF i .t/

D Xi .t/PN.B0/c C Nzi .t/;
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where

Xi .t/ D Hi�1.t/CM.t/PN.D/Di D Hi�1.t/

CM.t/PN.D/

2

4I � B�
0 PYD

bZ

a

N.s/.eKHi�1/.s/ds

3

5

D M.t/PN.D/ C

2

4I ⇤CM.t/eB�
0

bZ

a

N.s/.eK⇤/ds

3

5Hi�1.t/;

Nzi .t/ D M.t/PN.D/ Nci C eF i�1.t/ D

2

4I ⇤CM.t/eB�
0

bZ

a

N.s/
�eK⇤

�
ds

3

5eF i�1.t/:

The presented reasoning enables us to propose the following iterative algorithm for the construction of a family
of solutions of the integral equation (1):

zi .t; ci / D M.t/PN.D/PN.B0/c C eX i .t/PN.B0/c C Nzi .t/;

eX i .t/ D

8
ˆ̂̂
<

ˆ̂̂
:

0 for i D �1;
"
I ⇤CM.t/eB�

0

Z b

a

N.s/
�eK⇤

�
ds

#
Hi�1.t/ for i D 0;1;

Hi�1.t/ D

8
<

:

�
L�.eKM.�/PN.D//

�
.t/ for i D 0;

�
L�.eKXi�1.�//

�
.t/ for i D 1;1;

(20)

Nzi .t/ D

8
ˆ̂̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂̂
:̂

M.t/eB�
0

Z b

a

N.s/f .s/ds for i D �1;

"
I ⇤CM.t/eB�

0

Z b

a

N.s/
�eK⇤

�
ds

#
eF i�1.t/ for i D 0;1;

eF i�1.t/ D

8
ˆ̂̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂̂
:̂

 
L�

"
I ⇤C.eKM/.�/eB�

0

Z b

a

N.s/ ⇤ ds

#
f .�/

!
.t/ for i D 0;

L�
 
eK
"
I ⇤CM.�/eB�

0

Z b

a

N.s/
�eK⇤

�
ds

#
eF i�2.�/

!
.t/ for i D 1;1:
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Thus, under condition (11), the weakly perturbed operator equation (1) has a family of solutions in the form
of a series

z.t; "/ D
C1X

iD�1

"izi .t/

D
C1X

iD�1

"iM.t/PN.D/PN.B0/c C
C1X

iD0

"ieX i .t/PN.B0/c C
C1X

iD�1

"i Nzi .t/: (21)

By using the notation

jjjM jjj D sup
t2I

kM.t/kB D M0 < 1; jjjN jjj D sup
t2I

kN.t/kB D N0 < 1;

jjjeB�
0 jjjB D Qb0 < 1; jjjL�jjjC.I;B/ D l < 1;

jjjeKjjjC.I;B/ D Qk < 1; jjjf .t/jjjC.I;B/ D f < 1;

jjjPN.D/jjjB D p < 1; jjjPN.B0/jjjB D Qp < 1;

we establish the uniform convergence of series (21) for fixed " 2 .0; "⇤ç:
It is clear that, by virtue of boundedness of the operators M.t/;PN.D/; and PN.B0/; the series

C1X

iD�1

"iM.t/PN.D/PN.B0/c D M.t/PN.D/PN.B0/c

C1X

iD�1

"i

converges for " < 1:

Further, we prove convergence of the series

C1X

iD0

"ieX iPN.B0/c: (22)

For i D 0; we get

jjjeX0.t/jjjC.I;B/  lkM0p.1CM0N0
Qb0k/:

Similarly, for i D 1; we find

jjjeX1jjjC.I;B/  lk.1CM0N0
Qb0k/jjjeX0jjjC.I;B/:

Continuing this process, we obtain the following estimates for the operators eX i :

jjjeX i jjjl1.I;B1/  Œlk.1CM0N0
Qb0k/çi jjjeX0jjjC.I;B/:
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Thus, for any t 2 I; we can write

C1X

iD0

"ieX i .t/PN.B0/c 
C1X

iD0

"iKi
1jjjeX0.t/jjjC.I;B/jjjPN.B0/jjjBjjjcjjjB;

where

K1 D lk.1CM0N0
Qb0k/:

Hence, for fixed " 2 .0; "⇤ç; where "⇤ < K�1
1 ; series (22) is uniformly convergent.

Similarly, we prove convergence of the series

C1X

iD�1

"i Nzi .t/:

Thus, we get the following estimate for the coefficients Nzi .t/; i D 1;1:

jjj Nzi .t/jjjC.I;B/  ki l iC1.1CM0N0
Qb0k/iC2jjjf .t/jjjC.I;B/:

Hence, for any t 2 I; we find

C1X

iD�1

"i Nzi .t/  "�1M0N0
Qb0jjjf .t/jjjC.I;B/

C
C1X

iD0

"iki l iC1.1CM0N0
Qb0k/iC2jjjf .t/jjjC.I;B/ D "�1M0N0

Qb0jjjf .t/jjjC.I;B/

C
C1X

iD0

"iKi
1l.1CM0N0

Qb0k/2jjjf .t/jjjC.I;B/

and, for fixed " 2 .0; "⇤ç; where "⇤ < K�1
1 ; the series

C1X

iD�1

"i Nzi .t/

uniformly converges.

Let

"⇤ < min.1;K�1
1 /:

Then, for " 2 .0; "⇤ç; series (21) is uniformly convergent.
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Theorem 3. Suppose that the operator D belongs to GI.B;B/ and, for any inhomogeneity f .t/ 2 C.I;B/;
the generating equation (2) has no solutions.

If the operator B0 belongs to GI.B;B/ and

PYB0
PYD

D 0;

then, for any inhomogeneity

f .t/ 2 C.I;B/;

the weakly perturbed equation (1) possesses a family of solutions in the form of an absolutely convergent series

x.t; "/ D
C1X

iD�1

"izi .t/;

for any fixed " 2 .0; "⇤ç and the coefficients of the series are determined according to the iterative algorithm (20).

Remark 1. If

PN.B0/ D 0;

then, in each step of the iterative process, the operator equations (10), (15), etc., are n-normal and uniquely solvable
[8]. Hence, under the condition

PYB0
PYD

D 0;

Eq. (1) possesses a unique solution in the form of series (4) whose coefficients are determined by the iterative
algorithm (20) in which PN.B0/ D 0 and the generalized inverse operator B�

0 is equal to the left inverse operator
.B0/

�1
l

[15].

Remark 2. If

PYB0
D 0;

then, in each step of the iterative process, the operator equations (10), (15), etc., are d -normal and everywhere
solvable [8]. Then condition (11) is always satisfied and, for any f .t/; Eq. (1) has a family of solutions in the form
of series (4) whose coefficients are determined by the iterative algorithm (20) with the generalized inverse operator
B�
0 equal to the right inverse operator .B0/

�1
r [15].
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