DOI 10.1007/s10958-018-3687-2
Journal of Mathematical Sciences, Vol. 229, No. 4, March, 2018

WEAKLY PERTURBED FREDHOLM INTEGRAL EQUATIONS WITH
DEGENERATE KERNELS IN BANACH SPACES

V. F. Zhuravlev and N. P. Fomin UDC 517.983

We consider weakly perturbed Fredholm equations with degenerate kernels in Banach spaces and es-
tablish conditions for ¢ = 0 to be a bifurcation point for the solutions of weakly perturbed operator
equations in Banach spaces. A convergent iterative scheme for finding solutions in the form of series

+oo . .
Zi__l &' z; (t) in powers of ¢ is proposed.

The investigation of the conditions of solvability and the construction of solutions of weakly perturbed Fred-
holm integral equations with degenerate kernels in Banach spaces continue the development of the methods of
perturbation theory and, in particular, of the Lyapunov—Poincaré [1] and Vishik-Lyusternik [2] methods of small
parameter.

These methods were successfully used for the construction of solutions of weakly perturbed boundary-value
problems for systems of ordinary differential equations and functional-differential equations with Noetherian linear
parts [3-5] in the Euclidean spaces. The approach to the investigation of differential systems in Banach spaces
proposed in [6] was applied by Boichuk and Panasenko in [7] for the investigation of weakly perturbed boundary-
value problems for systems of ordinary differential equations in Banach spaces.

It is worth noting that a differential system for the linear generating boundary-value problem (¢ = 0) has
solutions for any right-hand side, i.e., according to the S. Krein classification [8], it is everywhere solvable. In
[9, 10], Boichuk, Shegda, and Holovats’ka studied weakly perturbed singular differential and integrodifferential
equations that are not everywhere solvable in finite-dimensional spaces.

Hence, the problem of investigation of the conditions required for the appearance of solutions of weakly
perturbed Fredholm integral equations with degenerate kernels in Banach spaces seems to be quite urgent.

Statement of the Problem

In a Banach space B, we consider a weakly perturbed Fredholm equation

b b
(L2)(@) :=z(@t) — M(¢) / N(s)z(s)ds = f(t) + 8/ K(t,s)z(s)ds, e))

where the operator functions M (¢) and N(¢) act from the real Banach space B into the same space and are strongly
continuous [6] with the norms

[[|M]]| = sup [[M(2)||p = Mo < o0
tel
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and

IV = sup [[N(2)|[s = No < oo,
tel

respectively, the operator function K(¢, s) is defined in the square Z x Z, acts from the Banach space B into B with
respect to each variable, and is strongly continuous in ¢ and s with the norm

K| = sup [|[K(z.5)8 = Ko < oo,

t,s€T

the vector function f(¢) acts from the segment Z into the Banach space B:
1) € CZB) := {fO:Z = BIIF Il = sup I F O}
te

C(Z,B) is a Banach space of vector functions continuous on Z and taking values in B, and ¢ << 1 is a small
parameter.
Assume that the generating equation

b
(Lz)(t) :=z(1) - M(l)/ N(s)z(s)ds = f(1) 2

obtained from (1) for ¢ = 0 does not have solutions for any inhomogeneity f(¢) € C(Z,B).

In the present paper, by using the theory of generalized inversion of the operators [4, 5] and, in particular,
of the generalized inversion of Fredholm integral operators with degenerate kernels in Banach spaces [11], as
well as the theorems on solvability of equations with generalized invertible operators L [12, 13] , we consider
the problems of finding the conditions for the appearance of solutions of Eq. (2) perturbed by a small linear term

b
3 / K(t,5)z(s)ds and the construction of the general solution of Eq. (1).
a

First, we present some known results necessary in what follows.

Auxiliary Information

Let z(¢) € C(Z, B) be a vector function acting from the segment Z = [a, b] into the Banach space B.
In the Banach space B, we consider the linear Fredholm integral equation with degenerate kernel (2).
Denote

b

D = 1Ig— A, A=/N(S)M(s)ds, D:B — B.
a

In [11], it is shown that if D is a bounded generalized invertible operator, then the integral operator L is
generalized invertible.
To prove the generalized invertibility of the integral operator, we construct the projectors

b
Pry2) (1) = M) Pro) / N(s)z(s)ds.  Puzy:C(Z.B) — N(L),
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b
Py, /)(1) = M) Py, f N(s) f(s)ds, Py,:C(L.B) — ¥,

and prove that they are bounded. Here, Py (p) and Py,, are bounded projectors onto the null space N(D) and onto
the subspace Yp of the operator D, respectively, [14], which split the Banach space B into the direct topological
sums of closed subspaces

B=ND)® Xp, B=Yp® R(D).

In what follows, by GI(C(Z, B), C(Z, B)) we denote the class of linear bounded generalized invertible op-
erators acting from the Banach space C(Z, B) into the Banach space C(Z, B). It is clear that the operators from
GI(C(Z,B), C(Z, B)) are normally solvable.

Theorem 1 [11]. Suppose that D belongs to GI(B, B). Then the operator

b
(L™ F)@) = f(1) + M(I)D_/N(S)f(S)dS 3)

is a bounded generalized inverse operator for the integral operator L, where D™ is a bounded generalized inverse
operator for the operator D.

Theorem 2 [11]. Suppose that D belongs to GI(B, B). Then the homogeneous integral equation for (2) has
the family of solutions

z(t) = M(t)Pn(p)c.

where c is an arbitrary element of the Banach space B.
Under the condition

b
Pry [ NG f0)ds =0

and only under this condition, the inhomogeneous integral equation (2) has the family of solutions

z(1) = M(1)Pnpyc + (L™ f)(),
where L™ is the bounded generalized inverse operator (3) for the operator L.
Main Result
To solve the posed problem, we use the Vishik—Lyusternik method [2] and determine the conditions for the

appearance of solutions of the integral equation (1) in the form of power series in the small parameter ¢ containing
the negative powers of &. We seek the solution of Eq. (1) in the form of a series

+00
z(t,e) = Z ' z; (1). 4)

i=—1
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We substitute series (4) in the integral equation (1) and equate the coefficients of the same powers of &.

1

For ¢7*, we arrive at the following homogeneous integral equation:

b
z_1(t) — M() / N(s)z—1(s)ds =0

for z_1(¢).
By Theorem 2, the homogeneous equation (5) possesses the solution

z—1(t,c—1) = M(t)Pn(p)c-1.

where c_; € B is an arbitrary element determined in what follows.
Equating the coefficients of €%, we arrive at the following inhomogeneous integral equation:

b b
zo(z)—M(t)/N(s)zo(s)ds = f(?) +/K(t,s)z_1(s)ds

for the coefficient zg(z) of series (4).
By Theorem 2, the linear homogeneous integral equation (7) possesses solutions if and only if

b b
Py, f NGs) | fGs) + / K(s. 021 (0)dx | ds = 0,

Substituting z_; (¢, c—1) from (6) in the last equation, we get

b b
PYD/N(S) f(s)—I—/K(S,I)M(I)PN(D)C_ldr ds = 0.

Denote

b b
By =PYD/N(s)/K(s,r)M(r)PN(D)dfds.

This enables us to derive the following operator equation for the element c_; € B from (8):

b
Boc—t =Py, [ NG)f6)ds.

&)

(6)

)

(®)

©))

(10)

Let the operator By € GI(B, Yp) be generalized invertible. Then it is normally solvable and there exist

bounded projectors

Pn(By):B — N(Bp) and ,PYBO:B — YB,
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and a bounded generalized inverse operator B, : B — B for the operator By.

Equation (10) may be [8]: uniquely solvable (Py(p,) = 0), everywhere solvable (PYB0 = (), and not
uniquely and not everywhere solvable (Py(p,) # 0 and Py, 7 0).

We now consider the most general case where Eq. (10) is not uniquely and not everywhere solvable. By
Theorem 2, in view of the generalized invertibility of the operator Bg, Eq. (10) is solvable if and only if its right-
hand side satisfies the condition

b
P Pro [ N6 f(5)ds = 0.
a
This condition is satisfied whenever

P, Prp = 0. (11)

and the operator equation (10) possesses a family of solutions

b
c—1 = PNBo)¢ — By Pyp, / N(s) f(s)ds,
a

where c is an arbitrary element of the Banach space B.
Substituting c—1 in (6), we get the general solution of the homogeneous integral equation (5)

b
ZL1() = MO PPy — MO P By Py, / N(s) f(s)ds.
a

Denoting
By = —Pn)Bo Py (12)

we finally obtain

b
z—1(t) = M(t)PnD)PN(By)C + M(I)EO_ / N(s)f(s)ds.

If relation (11) is true, then condition (8) is satisfied and, by Theorem 2, the inhomogeneous integral equation
(7) possesses a family of solutions

zo(,co) = M(1)Pn(p)co + Zo(?), (13)

where c is an arbitrary element determined in the next step and

b
o) = L™ | f() + / K(.5)z_1(s)ds | (1)
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b
=L (f() + / K(.s)M(s)PnD)Pn(By)dS ¢

b b
+ / K(-.s)M(s)Bg / N(z) f(r)drds) (1) = H_1(1)PysoyC + F-1(1).

Here,

H-1(t) = (L™(KM)()Pxo)) (0),
b
Fam=1" [f(-) + (KM()Bj / N(r)f(r)dr} o).
and the operator K acts upon an operator function M (¢) by the rule
b
(KM)(1) = / K(t, s)M(s)ds.

It follows from relation (3) that the action of the operator L™ upon the vector function

b
f(t) + KM(t)By / N(s) f(s)ds

is described by the formula

b b
L~ [f(-) + ’I?M(-)'EO/N(S)f(S)dS} ()= f(t) + KM(t)B} / N(s) f(s)ds

b b
+ M(1)D™ / N(s) { f(s) + (KM)(s)By / N(7) f(r)dti| ds.

For ¢!, we arrive at the following equation for the coefficient z (¢):

b b
Zl(l)—M(l‘)/N(S)Zl(S)dS =/K(t,s)zo(s)ds.

In view of the criterion of solvability for Eq. (14)

(14)
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b b
PYD/N(S)/K(s,r)ZO(r)drds =0,

by virtue of (13), we get

b b
Pyp / N(s) / K(s, 1) [M(r)PN(D)co + Zo(f)] dtds = 0.

By using notation (9), we derive the following operator equation for the element cop € B from the last equation:

b b b
Boco = =Py, / N(s) / K(s,t)zo(r)dtds = =Py, / N(s)(?io)(s)ds, (15)
a a a
where
b
Rz = [ Ko 0(0de
a
Under condition (11), the operator equation (15) has the following family of solutions:
b
co = Pn(Bo)¢ — By Py / N(s)(KZo)(s) ds
a

b
= Pn(Bo)C — Bo Pyp / N(s) (K [H-1(5)Prsoyc + F-1(5)]) (s) ds

= DoPn(By)¢ + Co. (16)

where

b
Do = Iy — By Py, / N(s)(KH_1)(s)ds,
a

b
&= By Py | N6YRF-1)6)ds.

and Ip is the identity operator in the Banach space B.
Substituting (16) in (13) and using (12), we find
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z0(t) = M(t)Pn(p) [DoPn(By)C + o] + Zo(t)
= M(1)PnD)DoPnBy)¢ + M(1)Pn(p)Co + H-1(1)Pn(By)C + F_1(1)

= Xo(t)Pn(By)C + Zo(?),
where

Xo(t) = H-1(t) + M(t)Pn(pyDo = H-1(t)

b
+M@)Pnpy | 1 — BJPYD[N(S)(%H—I)(S)ds

b
= M(t)Pyy + | I * +M()By / N(s)(K#)ds | H-1 (),

b
Zo(t) = M(1)Pypyéo + F—1(t) = | I x +M(t) By / N(s) (K#) ds | F—1(0).

Here, I is the identity operator in the Banach space C(Z, B).

If Eq. (15) is true, then the integral equation (14) possesses a family of solutions
z1(t,c1) = M()Pn(pyc1 + 21(1),
where ¢1 € B is an arbitrary element determined in the next step of the iterative process,

21(t) = L™ (Kz0) (1) = L™K ([Xo())P(By)c + Z0(1)]) (t) = Ho(t)Pr(syyc + Folt),

Ho(t) = L™ (K Xo)(1),

b
Fot) =L | K| I*+M()B; / N(s) (K*)ds | F1() | ().

By induction, we derive the following equations for the coefficients z; () of & in series (4):

b b
Zi(l)—M([)/N(S)Zi(S)dS = /K(t,s)zi_l(s)ds, i=1,2,3,....

A7)

(18)
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By using the solvability criteria for Egs. (18)

b b
PYD/N(S)/K(S,I)Zi_l(f)dr ds =0,

we arrive at the following operator equations for ¢;:

b b b
Boci—1 = —PYD/N(S)/K(S,I)Zi_l(r)dr ds = —PYD/N(S)(%Z,-_l)(s) ds.

Under condition (11), the operator equations (19) have the families of solutions

b
¢i—1 = Pn(Bo)¢ — By Pyp / N(s)(KZi—1)(s) ds
a

b
— Pucae ~ By Py [ N6) (R [Hi-a6)Prcage + Fia0)]) ()5

= Di—1PN(By)C + Ci—1,

where

b
D1 = Iz — By Py, / N(s)(K Hi—>)(s)ds,

b
i1 = =By Py [ NOEFi-2)(5)ds.
a

433

19)

Under condition (11) and, hence, conditions (19), the integral equations (18) possess the families of solutions

zi(t,¢i) = M(t)Pn(pyci + Zi ()
= M@)Pn(p)[DiPnBy)C + Cil + Zi(t)
= M@)Pn)DiPn(By)c + M(t)Pnp)Ci + Hi—1(1)Pn(By)C + ’1::,' (1)

= Xi(1)Pn(Bo)C + Zi (1),
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where

Xi(t) = Hi—1(t) + M(¢t)PnpyDi = Hi—1(1)

b
+ M(1)Pn(p) |:1 — By Pyp, / N(S)(§Hi1)(s)ds:|

b
= M()Pn) + {1 x +M(1)By [ N(s)(?*ms} Hi_1(1).

b
Zi(t) = M(t)PypyCi + Fi1(t) = {1 x +M(t)By f N(s) (K*) ds:| Fi_1(0).

The presented reasoning enables us to propose the following iterative algorithm for the construction of a family
of solutions of the integral equation (1):

zi(t, ¢i) = M) PrnpyPN(Bo)C + Xi(1)Pn(Bo)C + Zi (1),

0 for i =—1,
Xi(t) = b _
|:I * +M(t)Ba/ N(s) (Kx*) dsi| H;_1(t) for i =0,o00,
(L=(KM(-)Pn(py)) (t) for i =0,
Hi_l(l‘) = " (20)
(L™ (KXi—1())) (t) for i =1,00,
b
M(Z)Ba/ N(s) f(s)ds for i =—1,
zi(t) =

b
|:I * +M(t)§a/ N(s) (?Z*) ds:| Fi_l(t) for i =0,00,

Il
L

b
(L— [1 * +(KM)(-) By / N(s) * dsi| f(-)) (t) for i

Fioi(t) =

b
L~ (? [1 * +M()By f N(s) (K#) ds} F,-_z(-)) (1) for i=T,o0.
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Thus, under condition (11), the weakly perturbed operator equation (1) has a family of solutions in the form
of a series

+00 '
z(t,e) = Z g'zi (1)
i=—1
+o00 _ +o00 o +o0 _
= Y EMOPNw)PrBoc + Y Xi)Prpoye + D 2. 21

i=—1 i=0 i=—1

By using the notation

[[IM]|] = sup||[M(t)|ls = Mo < oo, [[|N][| = sup|[N(r)]lB = No < o0,
tez tez

1By 118 = bo < oo, |IL™ |llcz.my =1 < oo,

K llcry =k <00, fOlllcer) = f < oo,

HPnylllB = p < o0, |[[[PnylllB =P < 00,

we establish the uniform convergence of series (21) for fixed € € (0, &4].
It is clear that, by virtue of boundedness of the operators M(t), Py (p). and Py (B,). the series
+o0 ' +o00 '
Z g M(t)PN(D)PN(BO)C = M(Z)PN(D)PN(BO)C Z gt

i=—1 i=—1

converges for e < 1.
Further, we prove convergence of the series

+o00 )
Z &' XiPn(By)C- (22)
i=0
Fori = 0, we get
X o()lczmy < LkMop(1 + MoNobok).
Similarly, fori = 1, we find
11X 1]llcz.y < k(1 4+ MoNobok)||| X olllcz.p)-

Continuing this process, we obtain the following estimates for the operators X;:

X i |l z.y) < k(1 + MoNobok)] ||| X olllc(z.B)-



436 V. F. ZHURAVLEV AND N. P. FOMIN

Thus, for any ¢ € Z, we can write
+w . +m . . ~
Y XiOPNwoe < Y & KillIXoO)llcam 1Py lllslllllls,
i=0 i=0
where
K = lk(l + M()N()l;()k).

Hence, for fixed € € (0, e«], where ex < K 1_1, series (22) is uniformly convergent.
Similarly, we prove convergence of the series

+oo.
> ).

i=—1

Thus, we get the following estimate for the coefficients z; (¢), i = 1, co:

1Z: (Ollcpy < KT 4+ MoNobok)' (|| £ ()]l lccz.p)-
Hence, for any ¢ € Z, we find

too .
> &' Z(1) < &7 MoNoboll| f()llcz.py

i=—

400
+ Y kN1 4 MoNobok) (|| f ()] llez.m) = & MoNobol||.f(Dlllc.By
i=0

+o00
+ 3 e K1 + MoNobok) |||/ Ol
i=0
and, for fixed ¢ € (0, ], where ex < K 1_1, the series
400 )
> )
i=—1

uniformly converges.
Let

gx < min(1, Kl_l).

Then, for ¢ € (0, e«], series (21) is uniformly convergent.
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Theorem 3. Suppose that the operator D belongs to GL(B, B) and, for any inhomogeneity f(t) € C(Z,B),
the generating equation (2) has no solutions.

If the operator By belongs to GI(B, B) and
PYBO Py, =0,

then, for any inhomogeneity
f(1) € C(Z.B),
the weakly perturbed equation (1) possesses a family of solutions in the form of an absolutely convergent series

+o00
x(t, &) = Z &'z (1),

-1
for any fixed ¢ € (0, ex] and the coefficients of the series are determined according to the iterative algorithm (20).

Remark 1. 1If

PnBo) = 0,

then, in each step of the iterative process, the operator equations (10), (15), etc., are n-normal and uniquely solvable
[8]. Hence, under the condition

PYBO Py, =0,

Eq. (1) possesses a unique solution in the form of series (4) whose coefficients are determined by the iterative
algorithm (20) in which Py (p,) = 0 and the generalized inverse operator B, is equal to the left inverse operator

(Bo); ! [151.
Remark 2. 1If
PYBO =0,

then, in each step of the iterative process, the operator equations (10), (15), etc., are d-normal and everywhere
solvable [8]. Then condition (11) is always satisfied and, for any f(¢), Eq. (1) has a family of solutions in the form
of series (4) whose coefficients are determined by the iterative algorithm (20) with the generalized inverse operator
B equal to the right inverse operator (Bo); L [15].
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