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SOLUTION OF NORMALLY SOLVABLE OPERATOR EQUATIONS IN A HILBERT SPACE

V. E. Zhuravlev UDC 517.983

We find a formula for the unique pseudoinverse of a normally solvable operator, establish conditions
for the existence of a unique solution of a normally solvable equation, and obtain its representation in a
Hilbert space. We also introduce the notion of one-sided pseudoinverse operators for normally solvable
operators acting in Hilbert spaces and consider methods for their construction.

In the theory of ordinary differential equations and functional differential equations, many problems can be re-
duced to an operator equation Lx = y with a linear, bounded, normally solvable operator L. This representation
allows one to set aside specific difficulties typical of every individual problem and to analyze these problems using
methods of the theory of operators and functional analysis, focusing on the investigation of their general properties.
In the course of this analysis, there arises the problem of the construction of generalized inverse and pseudoinverse
operators for normally solvable operators in Banach and Hilbert spaces.

Preliminary Information

Assume that a linear, bounded, normally solvable operator L acts from a real Hilbert space H; into a real
Hilbert space Hy, L:H; — H). According to [1, 2], an operator L™:H, — H; that possesses the properties

LL™L =1L,

M
LTLL™ =L~

is called a generalized inverse of the operator L.

This operator is not uniquely defined. However, by using geometric properties of Hilbert spaces (the presence
of a scalar product in these spaces and, as a consequence, their unique decomposability into direct sums of orthog-
onal subspaces, and the isomorphism of dual spaces), one can obtain subtler results on the generalized inversion of
normally solvable operators in Hilbert spaces, namely, one can choose a unique pseudoinverse operator from the
set of generalized inverses L™ of the operator L [3-5].

An operator Lt:H, - H; that possesses the properties [3, 4]

LLTL =1L,
LTLLT =LT,
2

(LLT)* = LLY = In, — Pyv),

(LYL)* =LYL = Iy, — PNy
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is called pseudoinverse to the operator L in the Moore-Penrose sense. Here, Py ):H; — N(L) and
Py(r+):Hy — N(L*) are the orthoprojectors of an operator L:H; — H and its adjoint L*:H} — HJ to
the null spaces N(L) and N(L*), respectively.

It is known [6] that a space dual to a Hilbert space coincides with it up to isomorphism, i.e., Hf = H;
and H5 = Hj. It was shown in [1, p. 139] that, since the null space N(L) C H; and the image R(L) C Hj
of the operator L are closed and any closed subset of a Hilbert space is complementable, L is a generalized
invertible operator and there exist orthoprojectors Py(z):Hy — N(L), LPy) = 0, and Pyr+:Hy —
N(L*), L* Py =0, thatinduce a decomposition of H; and Hy into direct orthogonal sums [7], namely,

H; =N(L) & R(L*),
3)
Hy = N(L*) ® R(L),
where N(L) = Py yH1. N(L*) = Py+)Hz, R(L) = (In, — Pn(1))H2, and R(L*) = (In, — Pn(z))H1.

Statement of the Problem

Consider the problem of finding conditions for the existence of solutions of the equation
Lx =y 4)

and the construction of these solutions; here, L: H; — Hj is a linear, bounded, normally solvable operator.

In the present paper, we pose the following problems: Construct one-sided pseudoinverse operators L' and
LlJr and, on their basis, a unique pseudoinverse operator LT . Using orthoprojectors and the pseudoinverse opera-
tor L™, find a criterion for the solvability of equations with a linear, bounded, normally solvable operator L and
obtain expressions for these solutions.

Intermediate Result

Under the conditions of the problem posed, three cases are possible for the null spaces N(L) and N(L*).
Case 1. The subspace N(L) is linearly isomorphic to the subspace Ni(L*) C N(L*), N(L) = N1(L™).

This implies that there exist

(i) a linear, bounded, invertible operator Ji: N(L) — Ni(L*) such that J; x N(L) = Ni(L*) and
JIINL(L*) = N(L);

(i) an orthoprojector Py, (r+):Hz — H that decomposes the subspace N(L*) into the direct sum of
closed subspaces

N(L*) = Ni(L*) @ N2(L"), )

where Nl(L*) = PNI(L*)H27 NQ(L*) = PNz(L*)HL and PNz(L*) = PN(L*) — PN1(L*) is an
orthoprojector.

Case 2. The subspace N1(L) C N(L) is linearly isomorphic to the subspace N(L*), Ni(L) = N(L*).

In this case, there exist
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(i) a linear, bounded, invertible operator J,: N1(L) — N(L*) such that J, x Ni(L) = N(L*) and
JyIN(L*) = Ni(L);

(i) an orthoprojector Py, (ry: Hy — Hj that decomposes the subspace N(L) into the direct sum of closed
subspaces

N(L) = N1(L) & N2(L), (6)
where N1(L) = Py, H1, N2(L) = Py, )H1, and Py,1) = Pn()— Pn, (1) 1s an orthoprojector.

Case 3. The subspace N(L) is linearly isomorphic to the subspace N(L*), N(L) = N(L*).

In this case, there exists a linear, bounded, invertible operator J3: N(L) — N(L*) such that J3N(L) =
N(L*) and J;'N(L*) = N(L).

Denote the extensions of the operators J;, i = 1,2,3, to the space H; by ISNI(L*):Hl — N1(L*) C
N(L*) and the extensions of the operators Ji_l, i = 1,2,3, to the space H, by 1’31\;l @):Hz — Ni(L) C
N(L). In Case 3, we have Ni(L*) = N(L*) and Ni(L) = N(L), and, therefore, Py, (+) = Py(r*) and
Pnyw) = Pr)-

Lemma 1. On the subspace Hy & No(L*), the operator L = L + ISN1 (L*) has the bounded inverse

(L+ Pyyws); (lef)if N(L) = Ni(L*) C N(LY),

(L + Py+y)y !t (right)if N(L) D Ni(L) = N(L*).
The general form of the one-sided inverse operators Zl_olro is given by the formula

. LY (In, — Prywey)  (lef)if  N(L) = Ni(L*) C N(L*),

lo,ro —

(Im, — Pynywy) Lyt (right)if N(L) D Ni(L) = N(L*),

where ﬁNz(L*)in — N>(L*) and 73N2(L)5H1 — Ny (L) are arbitrary infinite-dimensional bounded projec-
tors.

Proof. Let N(L) be isomorphic to the subspace Nj(L*) C N(L*).

We show that the operator L = L + FNI (L*) has a bounded left inverse. Since the subspaces R(L) and
R(Py, (L)) = N1(L*) are closed, it follows from (3) and (5) that R(L) = R(L) U N1(L™) is closed. Since any
closed subspace of a Hilbert space is complementable, for the existence of a left inverse Zl_l it is necessary and
sufficient that [1]

N(L) = N(L + Py, +) = {0}.
Assume that there exists xo9 € Hy, xo # 0, such that
(L + ﬁNl (L*))x() = Lxo + ﬁNl (L*)X0 = 0. 7

Using (7), we obtain

LX() S R(L), Ile(L*)xO € Nl(L*)
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The subspaces R(L) and N(L*) complement one another, R(L) (\N(L*) = 0, and N1(L*) C N(L*).
Therefore R(L)( N1(L*) = {0}, which implies that they have only one common element (the zero element),

, Lxog = 0 and PN1 (L*)Xo = 0. This implies that xo € N(L) and xo € N(PN1 L)) C R(L*). Since
the subspaces N(L) and R(L*) complement one another, using (3) we get N(L) N R(L*) = {0}. This yields
xo = 0. The contradiction obtained proves that N(L) = {0}.

Thus, the operator L + ﬁNl (L*) has a left inverse.

Since the image R(L) = R(L) & N1(L*) of the operator L does not coincide with the entire space H,, one
cannot speak of the boundedness of the operator L 1 on the entire space H,. Since the subspace Hy & N (L*)
is closed, it is a space. The operator L estabhshes a one-to-one correspondence between the spaces H; and
H,© N> (L*). Therefore, according to the Banach theorem [8], the boundedness of the operator Zl_l is guaranteed
only if we consider its action from the space H, © N»(L*) onto the space Hj.

The left inverse operator Zl_l is not uniquely defined. Using the results of [1], we represent the collection of
left inverse operators in the following general form:

7-1 _ -1

where Pp (L) is an arbitrary bounded projector to the image of the operator L. It follows from (5) that the projector

73N2(L*) possesses this property, i.e., R(/m, — pNz(L*)) = R(L), where PNz(L*) H, — Np(L*) is
an arbitrary infinite-dimensional bounded projector, which can be constructed in the general form by using the
Sobczyk lemma [9]. This implies that the family of left inverse operators admits the representation

L' =Ly (I, — Prnymy)-

Now let N(L*) be isomorphic to the subspace Ni(L) C N(L). We show that the operator L = L + FN( L)
has a bounded right inverse. Since N(L) is complementable in Hy, by virtue of (3) and (6) the subspace N(L) is
complementable in H;. Thus, for the proof of the existence of a right inverse operator, it is necessary and sufficient
to show that [1]

R(L) = R(L + Py,(1+) = Ha.

Since N(L*) is isomorphic to Ni(L) C N(L), we have FNI(L*) = ﬁN(L*):Hl — N(L*). By the
definition of the operators L and Pp(z+), for an arbitrary element x € H; we have

ZX =Lx+ FN(L*)X,

where Lx € R(L) and ﬁN(L*)x € N(L*). Since the subspaces R(L) and N(L*) complement one another in
the Hilbert space H, we have R(L) = H

Thus, the operator L + 131\;1 (L*) has aright inverse.

Since the operator L establishes a one-to-one correspondence between the spaces Hy © N,(L) and Ho, it
follows from the Banach theorem [8] that the right inverse operator Zr_l is bounded.

The right inverse operator is also not uniquely defined. Using the results of [1], we represent the collection of
right inverse operators in the following general form:

-1 71
= PN(Z) X Lr y

where Py, ry is an arbitrary projector that has the property N (PN( L)) = N(L). It follows from (6) that the
projector Ig, — PNz(L) possesses this property, i.e., N(/p, — PNz(L)) = N(L), where PNz(L) H; — Ny (L)
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is an arbitrary infinite-dimensional bounded projector, which can be constructed in the general form by using the
Sobczyk lemma [9]. This implies that the left inverse operators admit the following general representation:

L) = (U, = Pya) Ly’
The lemma is proved.

Remark 1. 1f L is a Noetherian operator (ind L = dimker L —dimker L* = s —k < 00), then Lemma 1
reduces to Lemma 2.4 in [10, p. 66].

In Case 3, where the subspace N (L) is isomorphic to N(L*), the following statement is true:

Lemma 2. The operator L = L + ISN( L*) has the bounded inverse

— -1
= (L + Py@r+))

Proof. 1f N(L) is isomorphic to N(L™*), then N1(L) = N(L) and Ny(L*) = N(L*). In thlS case, the
operator L has left and right inverses, and, consequently, there exists a unique bounded inverse L ~
The lemma is proved.

Remark 2. 1f anormally solvable operator L acts from a Hilbert space H into itself and N (L) is isomorphic
to N(L*), then it is called a reducible invertible operator. In this case, the lemma coincides with Theorem 1.6 in
[11, p.28].

Remark 3. 1If L is a Fredholm operator (ind L = 0), then Lemma 2 coincides with the known Schmidt
lemma [8, p.231].

Consider some relations for the “skew” projectors PN(L) and Py (g ). orthoprojectors Py(r) and Pp(r+),
linear operators PN1 (L) and PN1 (L*)» and operators L

Lemma 3. The orthoprojectors Py(ry and Py ) and operators ISN] (L) and [_’Nl (L*) satisfy the rela-
tions

Py Payws) = Pnyws Pr) = Pri o),
)
PywyP Py, ) = Prny ) P = Payw)-

Proof. We prove the first relation in (8). Let x € Hy. Then Py, 5Xx € Ny (L*) C N(L*) and, hence,
PN(L*)PNl(L*)x = PN](L*) x because PN(L*)N(L*) = N(L*) Therefore, PN(L*)PNl(L*) = PN](L*)

Let x € N(L). Then Py(ryx = x. Acting by the operator PNl (L*) on both sides of the last equality, we
obtain PNI(L*)PN(L)X = Py, (L*)x. Therefore, PN](L*)PN(L) Py, (L%

The second relation in (8) is proved by analogy.

Note that Lemma 3 remains true if the orthoprojectors Py (z) and Pp(r+) are replaced by the “skew” pro-
jectors Py(ry and Pp(p+).
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Lemma 4. The orthoprojectors Py(ry and Py ) and “skew” projectors Py(r) and Py ) satisfy the
relations
PnayPnw) = Pnw).  Pnw) Py = P
)
Py PN = Pnw . PnasPnwr = Pn)-

Proof. 'We prove the first relation in (9). Let xo = Py(z)x forany x € Hy and Py(1)xo = xo for any
Xo € N(L). Then, replacing xo in the last equality by its value Py (z)x, we obtain

Pn)yPnyx = Pyyx  Vx € Hy.

The second relation is proved by analogy.

It has been noted above that the spaces H, i = 1,2, coincide with the spaces H;, i = 1,2, up to iso-
morphism. The dual spaces H} are spaces of row vectors y* and x*. The projector Py(r+)y (L*Ppy(r*) = 0)
acts on a row vector y* € H} according to the rule y*P]’f,( 1+)- The orthoprojector Py(z+), in view of its self-
adjointness, acts on this row vector according to the rule y* Py(z+). Then a relation analogous to the first relation

has the form

Applying the operation of conjugation to both sides of the last equality, we obtain the third relation in (9).
The fourth relation is proved by analogy.
The lemma is proved.

I and L.

Further, we establish some properties of the operators L N
0,70

Lemma S. The operator Ijl_l satisfies the relations
0,0

LL; " = Iu, — Pnw).

lo,ro

(10)
L7 L= In, — PNn(r)-

lo,ro

where Iy, and Iu, are the identity operators in the spaces Hy and Ha, respectively, and Pyry:Hy — N(L)
and P+ Hy — N(L*) are bounded projectors.

Proof. It follows from the definition of a right inverse operator Z,;l that if it exists, then [1]

LL'=In,.
-
L, 'L = TIu, — PNy,

where Py, (1) is a bounded projector to the subspace N>(L) C N(L). If a left inverse operator L 1;1 exists, then

LL;' = In, — Prywsys
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— -
Li"L=In,.
where Py, (1+) is a bounded projector to the subspace Np(L*) C N(L*).
Since Pn(+*) PN, L*) = PNy, LPny) = 0, and Py(+)L = 0, acting by the operator L on both

sides of the first relation in (10) from the right, we obtain the identity

L=Lly, =L Zlgl L = (In, — Pno)L = (In, — Pnw)(L + Py, (1))

= L —PywoL + Py — Py Py = L+ Py — Py = L,

which proves the indicated relation.
Further, since LPy) = 0 and Py (r+)L = 0, acting by the operator L on the second relation in (10) from
the left, we obtain the identity

L=L+PywsL = —Pye)L =LL;, L= L, —Pyw)) = L

which proves the indicated relation.
The lemma is proved.

Using the lemmas proved above, we can propose a procedure for the construction of one-sided pseudoinverse
operators for a normally solvable operator.

Left and Right Pseudoinverse Operators for a Normally Solvable Operator

Definition 1. An operator L} :Hy — H; that satisfies the conditions
LLYL =1L,
LILLY =L}, (11)

(LLH)* = LL} = In, — Py

is called a right pseudoinverse of a normally solvable operator L.

Definition 2. An operator L?‘: H, — H; that satisfies the conditions

LLfL=1L,
LfLL} =L}, (12)

(LfL)* =L L =In, — Py,

is called a left pseudoinverse of a normally solvable operator L.
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It is obvious that an operator that is simultaneously a left pseudoinverse and a right pseudoinverse is a pseu-
doinverse operator in the Moore—Penrose sense.
The theorems presented below describe the structure of one-sided pseudoinverse operators.

Theorem 1. The operator

P Zz)l(lﬂg — Py+)) if N(L) = Ni(L*) C N(L*),
Ly = Ly (e = Pyas) = 4 _
Ly (In, — Py+) if N(L)D Ni(L) = N(L*)

is a bounded right pseudoinverse of a normally solvable operator L.

Proof. Let us verify properties (11). For definiteness, let
N(L) D Ni(L) = N(L*).

It follows from Lemma 1 that there exists a right inverse operator Zr_ol.
First, we verify the third condition in (11). We have

LLf = LL;'(In, — Pn+) = (In, — P+ Un, — Pn+))
=In, — Pnw+) — Pns) + Py Py = Imo — Py

= (Im, — Pny)* = (LL})*

because Py(r+)Pn(+) = Pn(L*) by virtue of the fourth relation in (9).
Further, we verify the first and the second condition in (11). We have

LLIL = (In, — Py)L =L —Pyg+L =L
because Py(z+L =0, and

=L} — L (Pyws) — Py = L
2 —
because PN(L*) = Pn(L")-
It is easy to verify that the fourth condition in (2) is not satisfied. Indeed,

LIL =L} (Iln, = Pys)L = L' L = In, = Py

because, by virtue of Lemma 5, we have Zr_olL = In, — Pn(r). where Py(r):Hy — N(L) is a projector.
The boundedness of the right pseudoinverse operator L} follows from the boundedness of the operators
L7l and In, — PyLs).

lo,ro



SOLUTION OF NORMALLY SOLVABLE OPERATOR EQUATIONS IN A HILBERT SPACE 759
Theorem 2. The operator

N _ (In, — PN(L))ZZ)1 if N(L)= Ni{(L*) C N(L%),
L = s, — PNy Ly, = L,
(In, — Pyy) Ly, if N(L) D Ni(L) = N(L¥)

is a left pseudoinverse of a normally solvable operator L.
Proof. The proof of Theorem 2 is analogous to the proof of Theorem 1.
Pseudoinverse Operator for a Linear, Bounded, Normally Solvable Operator

Using Theorems 1 and 2, we can obtain a formula for a pseudoinverse of a normally solvable operator in a
Hilbert space.

Theorem 3. The operator
L™ = L (In, = Pnws) = (ny — Py Ly (13)

is the unique bounded operator pseudoinverse to a normally solvable operator L.

Proof. Let us verify properties (2), which define a pseudoinverse operator. For definiteness, let N(L) =
Ni(L*) C N(L*). By virtue of Lemma 1, this implies that there exists a left inverse operator Ll_ol.
Since

L(Iua, — Pyy)) =L, (Im, — Pya+)L =L, Pywr+L =0,
we obtain
LL*L = L(Iu, — Pywy) Ly, (In, — Pys)L = LL' L = (In, — Pys)L = L,
which proves the first property.

Taking into account that LZ;)l = In, — Pn(*) by virtue of Lemma 5, and Py(r+)Pn*) = Pn@*) by
virtue of Lemma 4, we get

LYLLY = LY L(In, — Pyy) Ly, Uy — Pnsy) = LYLLy (Iny — Phezsy)

= LY (In, — Pn+) U, — Pnery) = LY (In, — Pywsy — Pnesy + Pyas) = LT,

which proves the second property.
Let us verify the third and the fourth property. We have

LL*Y = L(Im, — Py Ly (I, — Pyee+) = LL; (In, — Py(iw))

= (In, — Pn+)Uns — Pnr)) = In, — Py = (LL)Y,
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LYL = Lf (I, — Pya+)L =L L =In, — Py = (LTL)*

because L?’ is a left pseudoinverse operator.

The boundedness of the pseudoinverse operator L™ follows from the boundedness of the one-sided pseudoin-
verse operators L and Ll+ and orthoprojectors Iy, — Py(r) and In, — Pn(L*).

The theorem is proved.

Remark 4. 1f L7 :Hp — H; is a generalized inverse operator that possesses properties (1), then, using a
formula analogous to (13), we can prove that the operator

LY = (In, — Pyy) L™ (Un, — PneLw))

is the unique pseudoinverse of a normally solvable operator L.

Using the formula for the pseudoinverse operator L™ proposed in Theorem 3, we can find an explicit formula
for a general solution of the linear operator equation (4) with a linear, bounded, normally solvable operator L.

Theorem 4. Let L:H; — Hjy be a normally solvable operator. Equation (4) is solvable for those and only
those y € Hy for which

In this case, Eq. (4) has a family of solutions representable in the form of the direct orthogonal sum
x=X%+%=Pypt+L"y, (15)

where X is a general solution of the corresponding homogeneous equation Lx = 0, X is the unique particular
solution of the inhomogeneous operator equation (4), and X is an arbitrary element of the space H;.

Proof. It follows from (3) that a general solution of Eq. (4) is the direct orthogonal sum of a general solution
X of the homogeneous equation Lx = 0 corresponding to Eq. (4) and the unique particular solution ¥ = LTy
of the inhomogeneous equation (4). It follows from the definition of an orthoprojector to the null space N(L) of
an operator L that a general solution of the homogeneous equation Lx = 0 can be represented in the form

X = PN(L))AC.

Since the linear operator equation (4) is normally solvable, it is necessary and sufficient for its solvability
[8] that y be orthogonal to any vector from the null space N(L*) of the adjoint operator L*. Since R(L) =
N(Py(r+)) and R(L) and N(L*) are mutually orthogonal and complement one another in the space Hy, this
condition is equivalent to condition (14), which guarantees that the element y belongs to the image R (L) of the
operator L.

Substituting solution (15) into the original equation (4) and taking into account the third relation in (2) and
condition (14), we obtain

Lx =LPyqyX +LLTy = LLYy = (In, — Py+) y = Im,y — Pyvyy = Im,y =y

because LPy(r) = 0.
The theorem is proved.
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If condition (14) is not satisfied, i.e., y does not belong to the image R(L) of the operator L, then the oper-
ator equation (4) does not have a solution. In this case, problem (4) is ill posed and has a so-called pseudosolution

[12], which minimizes the norm of the residual ||[Lx — y|u,.

Example 1. Let us find solvability conditions and the general form of a solution for the operator equation

Ox =y,
where the linear matrix operator
1 -1 0 0 0 O
0O 0o 0 O 0 O
0 0o 1 -1 0 0
0=
0 0o 0 O 0 O
0o o o0 o0 1 -1 ...

acts from the real Hilbert space 12 of number sequences x = col (§(V, @ £®) £@ ) for which
w .
Y (ED)? < o0
i=1
into the real Hilbert space 12 of number sequences y = col (n(M, n@® 73 ... nU) ) for which
w .
> (V)? < oo
j=1

Let us verify the boundedness of the operator Q in this space. We have

()
sup [n*/’|
||Q|| 5 = ”Q'x”l2 _ JEN
2= = —
x€?2,x#£0 [[xly2 xel2,x£0 SUP |§:(l)|
ieN
sup (|E — @0, 1E® — @) 0,..)
= sup jeN
x€12,x#0 sup |g(l)|
ieEN
sup (IEMV[+ 1EP1,0,1EP |+ E®],0,..)  sup [§V)]
< sup JEN . < JEN 5
x€R,x#0 sup [£@)| sup [£@]

ieEN ieN

(16)



762 V. F. ZHURAVLEV

because

sup (|§D] + 1ETD]) < 2 sup (gD, [g0+D)),
ieEN iIeEN

Thus, the operator Q:1> — I? is bounded.
The orthoprojectors Py(g) and Py(g+) have the form

PN(Q) = diag

' 0 0y (00
PN(Q*):dlag 0 1 . 0 1 s e -

The pseudoinverse operator QT has the form

Rl — =
R = N =
N = N =
N = N =

By virtue of Theorem 4, the operator equation (16) has a bounded solution for those and only those

yel, y=col(p®,n® n® ),

for which
(1D 0
O 0 0 O ,7(2) 71(2)
0 1 0 0 71(3) 0
Pni»Hy=]10 0 0 0 @ =@ = 0. (17)
0o 0 0 1 e e
77(i) n(2k)

-

The solvability condition (17) is satisfied, e.g., for
yel, y=col(a,0.7®,010,..).

For these vectors, the operator equation (16) has a solution x € 1> bounded on R(Q) of the following form:
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X = PN(Q))AC + Q+y

11 1
- 2 0 0 0 \ (L6 o o ..
2 2 R 2
s(l)\ 1)
Loy o0 o . Lo 0 o !
2 2 £@ 2 0
= 11 £ | + 1 ©)
o 0o - - o ..|I% o o - o ..|1|"
2 2 o 2 0
11 1
0 0 - = 0 ) 0 0 — 0 \
2 2 2

1 . .

@O Oy 0N
1 - .

3 (5(1) + 5(2) _ 7](1))
1 . .

5 (5(3) + 5(4) + ,7(3))

1 ~ .
3 (5(3) + 5(4) _ 77(3))

/

where X = col ($A1, EAZ 53, cee EA, ...) is an arbitrary element of the Hilbert space 12, the vector
| A 1~ A l 2 1 » A
col (5(5(1) + 5(2))’ 5 (;g.(l) + E(Z))’ 3 (5(3) + 5(4))’ 5 (é;-(3) + 5(4))’ . )

is a general solution of the homogeneous equation Qx = 0, and the vector

,7(1) ,7(1) ,7(3) ,7(3)
col | —,—m—, —, ——, ...
2 2 2 2

is the unique particular solution of the operator equation (16).
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