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GENERALIZATION OF THE SCHMIDT LEMMA TO THE CASE OF
n-NORMAL AND d-NORMAL OPERATORS IN A BANACH SPACE

V.F. Zhuravlev UDC 517.983

We generalize the known Schmidt lemma to the case of linear, bounded, normally solvable operators
that are n-normal or d-normal in infinite-dimensional Banach spaces. It is assumed that the kernels and
images of these operators have complements in these spaces.

The Schmidt lemma [1] is most completely studied and widely used for the generalized inversion of linear,
bounded, normally solvable Fredholm operators (with nonzero kernels) in the form of the so-called Schmidt con-
struction [2]. Its analog for Noetherian operators in finite-dimensional Banach and Hilbert spaces was considered
in [3].

The aim of the present paper is to prove statements that generalize the Schmidt lemma to the case of bounded
normally extendable operators that are n-normal or d-normal and act in infinite-dimensional Banach spaces.

Statement of the Problem

Let L be a linear, bounded, normally solvable operator that acts from a Banach space B; into a Banach
space B,. Denote the dimensions of the null spaces of the operator L and its adjoint L* by dim N(L) = u
and dim N(L*) = v, respectively. According to S.Krein’s classification [4], a normally solvable operator L is
n-normal if ( is finite and v is infinite, and it is d-normal if w is infinite and v is finite.

If L:B; — B» isalinear bounded n-normal operator, then we assume that its image R(L) has a complement
in the space B, [5],1i.e.,

B, =Y @ R(L), (1)

and if L:B; — B, is a linear bounded d-normal operator, then its kernel N(L) has a complement in the space
Bl, i.e.,

Bi=NL)® X. 2

Main Result

First, we consider n-normal operators. By virtue of its finite dimensionality (4 < o), the subspace N(L)
has a complete system of basis elements { fi}#zl C N(L), fi = col( fi(l), fl.(z), fi(3) ,...). Assume that the
space B has a basis. It is known [6, p. 131] that B} also has a basis. Therefore, the subspace N*(L) C B} has
a complete system of basis elements (functionals) {¢s(-)}52; C N(L*), ¢s(-) = col ((ps(l)(-), (ps(z) ), (ps(3)(-), Sl
For the elements { f; }fL — and functionals {¢s(-)}52 . there exist an adjoint biorthogonal [7] system of function-

als {y, (-)};‘=1 C B}, yi() = col(V;I)('), )/;2)(-), )/;3)(-), ...), and an adjoint biorthogonal complete system of
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elements {Yx 7o, C B2, ¥y = COl(l//(l), %52), %53), ...). Note that, according to the Hahn—Banach theorem,
each functional {y;(-) };’“ _, defined on the subspace N(L) C By can be extended, with preservation of norm, to
the entire space Bj.

Let

X=01foon f)o TO =01 120), ooy
3)
D) = (1), 02()s i () )T W= (Y1, Y2 Yk,

denote, respectively, coxu, uxoo, ooxoo, and coxoo matrices; furthermore, I'(X) = £, and ®(V) = E,
where E, and Eo are the identity matrices.
We construct a projection operator Py (z):B1 — N(L) according to the formula

Pnw)() = XT(), Pyw): B1 — Bi.
To construct a projection operator Py: B, — B», we define the sequence of projectors
Py () = ¥ ®;() “4)

of the space B, to the subspaces Y; C Y spanned by the elements {y/x }izl.

Lemma 1. The sequence (4) of projectors Py ;) converges strongly (pointwise) to the projector

Py() =¥O() = lim ¥;P;(), Py:B, 7Y,
j—o0

where Y C By is an infinite-dimensional space spanned by the complete system of elements {{s}52 .

Proof. According to the definition of strong convergence in the norm of the space B,, with regard for the
definition of the matrices ® and W we get

00 J
IPry —Pryl = |>_es(0)vs — D 0e(0)ve
£=1

£=1
o0 o0
=1 D Ve = D llge(vel VyeY CBa.
E=j+1 E=j+1
The quantity
o0
> sl
E=j+1

tends to zero as j — oo as a remainder of the expansion

> 00V
£=1
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of an element y € Y in the system of elements {¢ }gil. Since the functionals {¢p; (-)}jq‘;l can be extended to
the entire space B, with preservation of norm, we can conclude that

oo

> llee(vel >0 as j — oo
E=j+1

for any y € B».
The lemma is proved.

Let us show that the constructed projectors divide the spaces B; and B, into mutually complementary sub-
spaces according to relations (1) and (2).

Lemma 2. The operators Py(r) and Py are bounded projectors in the Banach spaces By and By and
divide these spaces into direct sums of closed subspaces according to relations (1) and (2).

Proof. First, we prove that the operators Py(z) and Py are projectors, i.e., that they satisfy the conditions
P12V(L) = Pn(r) and 73)2, = Py. Indeed, we have

Pry®) = Pnw)(Prwy() = XT(XT() = XT(X)T'() = XT(-) = Py ()
because I'(X) = E,,, and
P7() = Py(Py () = YO(VP() = WO(V)D(-) = WO(y) = Py ()

because O(V) = E,.
Thus, the projectors Ppy(r) and Py divide the spaces By and B> into direct topological sums of closed
subspaces:

B1 = N(Pnw)) ® R(Pny), B2 = N(Py) ® R(Py).
Further, we show that

N(L) = R(Pnw)). R(L) = N(Py),
(%)
Y =R(Py), X =NPnw-

Since LPyyx = LXT'(x) =0, x € By, we have R(Py(r)) C N(L). Let x € N(L). Then x = Xc.
Applying the matrix of functionals I' to the last equality, we get ¢ = I'(x), i.e., x = XI'(x). Therefore,
x = Pyyx and x € R(Pyn(r)). Thus, N(L) C R(Pn(r)). and the first equality in (5) is proved.

Since PyLx = W®(Lz) = W(L*P)(z) = 0 (@5 are basis vectors of the null space of the operator L*),
we have R(L) C N(Py). On the other hand, if y € N(Py), then

Pyy =¥d(y) =0,

ie., ps(y) =0, s = 1,2,...,00. By virtue of the normal solvability of the operator L, this means that y €
R(L). Therefore, N(Py) C R(L), and the proof of the second equality in (5) is completed.
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The third and the fourth equality in (5) are proved by analogy.

Thus, the projectors Py(z) and Py divide the Banach spaces By and B into direct sums of closed sub-
spaces according to relations (1) and (2).

The boundedness of the projector Py () follows from its finite dimensionality, and the boundedness of the
projector Py follows from the complementability of the image R(L) of the operator L [8].

The lemma is proved.

Since the system of basis elements {¢(-)s}y_, C B} of the null space N(L*) and the system of elements
{Vs}y—; C Y C B, are adjoint biorthogonal, ¢s(¥x) = 84, there exists a one-to-one correspondence between
them. Therefore, the subspaces N(L*) and Y are isomorphic and have the same dimension: dim N(L*) =
dim Y. Since w is finite and v is infinite, we can establish an isomorphism between N (L) and a certain subspace
Yy Y.

We now construct this isomorphism.

Let

() =@,().920). ..., (NT and VU= . V5.....V,) (6)

denote, respectively, y x oo and oo x u matrices composed of u rows and columns of the matrices ® and W,
respectively. The matrix W is composed of the system of elements {y/x}; _, C {¥x}3=, spanning the subspace

Y1. The matrix ® is composed of functionals 1@stv—1 C {ps)S2, that satisfy the relation DY) = E,. We

construct a linear, bounded, invertible operator J: N(L) — Y; € Y that performs an isomorphism of N(L) onto
Yy andits inverse J~!:Y; — N(L) according to the relations

J()=WI()., ()eN(L),

JTHO=X%(), (en.

By virtue of the Hahn—Banach theorem, each linear functional y; can be extended to the entire space B with
preservation of norm, and each linear functional @ can be extended to the entire space B5. In this connection,
we denote the extension of the operator J: N(L) — Y to the entire space B; by 51/1 and the extension of its
inverse J ! to the space B, by 7_DN(L)1 ie.,

Py, () =¥I(), ()€ B,

Pnwy() = X®(). ()€ Ba.
Using (6), we define the projector Py,:B, — Y1 C Y as follows:
Py, () = ¥ o).
This operator divides the subspace Y into a direct topological sum of subspaces, namely,
Y =Y @Y, (N

where Y, = Py,B, = (Py — Py,)B2, and is bounded.
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For the class of normally solvable n-normal operators, we prove the following statement, which is an analog
of the Schmidt lemma:

Lemma 3. Let L:By — By be a linear bounded n-normal operator and let the image R(L) have a com-
plement in the space By. Then the operator L = L + Py, has a bounded left-inverse operator:

——1 = . _
Ly, =(L+Py) "
The general form of the left-inverse operators Zlgl is given by the relation
——1 —-1
Ll() == Ll() (IBZ - PYz).

Proof. Let L be an n-normal operator. For the operator L to be left invertible, it is necessary and sufficient
that the following conditions be satisfied [9]:

(a) ker L = {0};

(b) the linear manifold R(L) is a subspace that has a direct complement in Bj.

Let us show that ker L = {0}. Assume that there exists xo # 0, xo € By, such that
(L 4+ Py,)xo = Lxo + ¥ T'(xg) = 0.

It is obvious that Lxo € R(L). It follows from the definition of 7_7Y1 that 7_7Yl Xo € Y1 C Y. Since the
subspaces R(L) and Y mutually complement one another to the entire space B, we have R(L) ()Y = {0},
i.e., they have only one common element, namely the zero element. Thus, Lxo = 0 and 7_7Y1 xo = 0. This
implies that xo € N(L) and x9 € N (7_71/1) C X. Since the subspaces N(L) and X also mutually complement
one another to the space By, we have N(L) () X = {0}. This yields xo = 0.

The complementability of the image R(L) in the space B, follows from relation (7) and the complementabil-
ity of the subspace R(L):

B =R(L)®Y,®Y,=R(L)S Y>. ®)

Therefore, the operator L has a left inverse. Since the operator L maps the Banach space By bijectively to

the subspace B, © Y5, it follows from the Banach theorem [10] that the operator Zl_l is bounded. It is known
[9, p. 61] that if the projection operator P possesses the property R(P) = R(L), then the general form of left-

. : .1
inverse operators admits the representation L; ~P. It follows from (8) that the operator /g, — Py, possesses
this property, i.e., R(Ig, — Py,) = R(L). Therefore, the general representation of left-inverse operators can be
rewritten as follows:

—=1 -1
Llo = Ll() (IBz — PYZ)'
The lemma is proved.

Remark 1. 1If dimker L < dimker L* < oo, i.e., L is a Noetherian operator of negative index, then
Lemma 3 reduces to Lemma 2.4 in [3, p. 47].
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Remark 2. 1If dimker L = dimker L* = n < oo, i.e., L is a Fredholm operator of nonzero index, then
Lemma 3 reduces to the Schmidt lemma [2, p. 340].

Now let L: By — B> be a linear bounded d-normal operator. In this case, the subspace N(L) is infinite-
dimensional (i = 0o) and the subspace N(L¥) is finite-dimensional (v < co). Assume that the space By has
abasis. Then N(L) also has a basis. Let { f;}72, C N(L) be a complete system of basis elements. The subspace

N(L*) has a finite-dimensional basis {¢s}y_; C N(L*). For the elements {f;}?°, and functionals {¢s},_,.

there exist an adjoint biorthogonal system of functionals {y; };";1 C B} and an adjoint biorthogonal complete

system of elements {y}; _, C Ba [7]. Each of the functionals i };?‘;1 and {gs};_,; defined on the subspaces
N(L) C B; and Y C B,, according to the Hahn—Banach theorem, can be extended to the spaces B; and B,
respectively, with preservation of norm.

By analogy with (3), let

X=(f.foeo s fsuon)e TO =010 720), . ys() )T,

D) = (@1(), 92()s - ou(NT, W= (Y1, Y2, Y)

denote cox o0, coxo0, Vxoo, and oo XV matrices, respectively; furthermore, I'(X) = Eo and ®(¥) = E,,
where Eo, and E, are the identity matrices.
To construct a projection operator Py (r): B1 — N(L), we define the sequence of projectors

Pynoy) = Xili(), i=12,3,..., ©)
of the space Bj to the subspaces N;(L) of the null space N(L).
Lemma 4. The sequence (9) of projectors Py (r) converges strongly (pointwise) to the projector

Pywy() = XT() = ll_lfgo Xili(), Pn): B1 — N(L). (10)

Proof. The proof is analogous to the proof of Lemma 1.

We define a projection operator Py:B, — Y of the space B, to the subspace Y as follows:
Py () = V() (an
Note that, for the projection operators (10) and (11), Lemma 2 is true.

Since p is infinite and v is finite, we can establish an isomorphism between N (L) C N(L) and Y.
We now construct this isomorphism. Let

X=(f1.fz-n fy) and  TC) =G, 70 ....7,O)T (12)

denote, respectively, co x v and v x co matrices. Then we construct a linear, bounded, invertible operator
J:Ni(L) — Y that realizes an isomorphism of Nj(L) onto Y and its inverse J~!':Y — N;(L) as follows:

J()=W¥T(). ()e ML),

JHO=X2(), ()eY.
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The matrix X is composed of v columns of the matrix X, and the matrix I'(-) is composed of functionals of the
matrix I'(-) that satisfy the relation T'(X) = E,.

Let Py denote an extension of the operator J: N(L) — Y to the entire space B; and let 7_3Nl (L) denote
an extension of its inverse J ! to the space B», i.e.,

Py() =9T(), ()€ B,

5]\’1(11)() = YCI)()v () € BZ-

By analogy with (11), we define the projection operator Py, (r):B1 — Ni(L) C N(L) as follows:
Py () = XT(). (13)
This operator is bounded and divides the subspace N (L) into a direct topological sum of subspaces:
N(L) = Ni1(L) ® Na(L), Na(L) = Pn,r)B1, (14)

where Py, ) = Pn) — Pn, (L) 1s a bounded projector.
For the class of normally solvable d-normal operators, we prove a statement analogous to the Schmidt lemma.

Lemma 5. Let L:By — By be a linear bounded d-normal operator and let the kernel N(L) have a
complement in the space By. Then the operator L = L + Py has a bounded right-inverse operator:

——1 = -
L, =(L+Py);.

1
The general form of the right-inverse operators L is given by the relation

ro
——1 ——1
L, = (s —Pyyw)L, -

Proof. For the operator L to be right invertible, it is necessary and sufficient that the following conditions be
satisfied [9]:

(@) R(L) =By
(b) the subspace N(L) has a direct complement in By.

Using the second equality in (5), we get R(L) = N(Py), i.e., the condition R(L) = B, is equivalent to the
condition

Py () = Ud() = 0.

Since the system of elements {ys}}¥_; is linearly independent, the last relation holds if and only if all elements
of {gs}y_, are equal to zero. This, in turn, means that the null space of the adjoint operator is trivial, i.e.,
N(L*) = {0}.
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Let us show that N(L >|<) = {0}. Assume that there exists a functional ¢o, ¢o # 0, ¢ € B}, such that

Z*goo = (L + Py)*@o = 0. Taking into account the definition of the operator Py, we get

—
L*po = —Py ¢o.

Applying the functionals L*¢o € B} and 7_3; to the matrix X, we obtain, on the one hand,

(L*@0)(X) = ¢o(LX) =0

because LX = 0 and, on the other hand,

Preo(X) = go(Py X) = po(W)T(X) = ¢o(¥)

because T'(X) = §; j- Since the system of elements {;};_, is linearly independent, the equality ¢o(¥) = 0 is

possible only for ¢y = 0. This contradiction proves that N(L *) = {0}, which, in turn, means that R(L) = B,.

The complementability of the null space N(L) follows from the definition of the projector Pny ) (13) and

the decomposition (14) of the null space N(L) of the operator L.

It is known [9, p. 62] that if a projection operator P possesses the property N(P) = N(L), then the general

form of right-inverse operators admits the representation Pzr:)l. It follows from (14) that the operator I, —

Pn,(r) possesses this property, i.e., N(Ig, — Pn,)) = N (L). Therefore, the general representation of right-
inverse operators can be rewritten as follows:

— =1 ——1
Lro = (I8, _PNz(L))Lr .
The lemma is proved.

Remark 3. If dimker L* < dimkerL < oo, i.e., L is a Noetherian operator of positive index, then

Lemma 5 reduces to Lemma 2.4 in [3, p. 47].

e

O XS

10.

REFERENCES

E. Schmidt, “Zur Theorie linearen und nichtlinearen Integralgleichungen. Teil 3. Uber die Auflosungen der nichtlinearen Integral-
gleichungen und die Verzweigung ihrer Losungen,” Math. Ann., No. 65 (1908).

M. M. Vainberg and V. A. Trenogin, Theory of Branching of Solutions of Nonlinear Equations [in Russian], Nauka, Moscow (1969).

A. A. Boichuk, V. F. Zhuravlev, and A. M. Samoilenko, Generalized Inverse Operators and Noetherian Boundary-Value Problems [in
Russian], Institute of Mathematics, Ukrainian National Academy of Sciences, Kiev (1995).

S. G. Krein, Linear Differential Equations in a Banach Space [in Russian], Nauka, Moscow (1967).

Yu. L. Daletskii and M. G. Krein, Stability of Solutions of Differential Equations in a Banach Space [in Russian], Nauka, Moscow
(1970).

L. A. Lyusternik and V. I. Sobolev, A Brief Course in Functional Analysis [in Russian], Vysshaya Shkola, Moscow (1982).

M. M. Grinblyum, “Biorthogonal systems in a Banach space,” Dokl. Akad. Nauk SSSR, 47, No. 2, 79-82 (1945).

M. I. Kadets and B. S. Mityagin, “Complementable subspaces in Banach spaces,” Usp. Mat. Nauk, 28, Issue 6, 77-94 (1973).

I. Ts. Gokhberg and N. Ya. Krupnik, Introduction to the Theory of One-Dimensional Singular Integral Operators [in Russian], Shti-
intsa, Kishinev (1973).

V. A. Trenogin, Functional Analysis [in Russian], Nauka, Moscow (1989).



	Abstract
	Statement of the Problem
	Main Result
	References

