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BOUNDARY-VALUE PROBLEMS FOR LINEAR EQUATIONS WITH A GENERALIZED
INVERTIBLE OPERATOR IN A BANACH SPACE WITH BASIS

V.F. Zhuravlev UDC 517.983

We consider linear boundary-value problems for operator equations with generalized invertible opera-
tors in Banach spaces that have bases. Using the technique of generalized inverse operators applied
to generalized invertible operators in Banach spaces, we establish conditions for the solvability of lin-
ear boundary-value problems for these operator equations and obtain formulas for the representation of
their solutions. We consider special cases of these boundary-value problems, namely, so-called n- and
d-normally solvable boundary-value problems as well as normally solvable problems for Noetherian op-
erator equations.

Statement of the Problem

Let loo(Z,B1) be the Banach space of bounded vector functions z(¢) defined on a finite interval Z and
taking values in a certain Banach space By, z(:):Z — B, with the norm

IF @Il = sup [[.f ()]s,
tel

and let 1o(Z, B2) be the Banach space of bounded vector functions ¢(¢) defined on the same interval 7 and
taking values in a certain Banach space loo(Z, B,) with the norm

IO = sup £ @)l

Assume that L is a linear bounded generalized invertible operator that acts from the Banach space 1o (Z, B1)
into the Banach space 15(Z, B3), the spaces 1o(Z,B1) and 1o (Z,B,) have bases, and £ = col (I, 2,13,...)
is a linear bounded vector functional that acts from the Banach space loo(Z, B1) into the Banach space B.

It follows from the generalized invertibility of the operator L [1] that L is normally solvable (R(L) is
closed), and the null space N(L) and the image R(L) are complementable in the Banach spaces loo(Z,B1)
and loo(Z,B2), respectively. This means [2, 3] that there exist linear bounded projectors Py (r):loo(Z,B1) —
N(L) and Py, :1e0(Z,B2) — Y that decompose the Banach spaces loo(Z,B1) and 1o (Z, B2) into mutually
complementing subspaces, namely,

where Y is a subspace isomorphic to the null space N(L*) of the operator L* adjoint to the operator L.
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In what follows, we denote the set of generalized invertible operators L:loo(Z,B1) — lso(Z,B2) by
Gl(loo(z»Bl)vloo(I, B2))-

Since the Banach spaces 1oo(Z,B1) and 15(Z, B2) have bases, the null spaces N(L) and N(L*) also have
bases.

Let

(Y2, N, fi =col(f0, £, 13,

and

{Ps(N2 T N(LY), ¢5() = col(@P (), @), 0P (), .. ),

denote the bases of the null spaces N(L) and N(L*), respectively. For elements {f;}°2, and functionals
{¢s}oo. there exist an adjoint biorthogonal [4] total system of functionals {y; };?‘;1 C N*(L) C 1(Z,By)*,
yj(-) = col ()/;1)(-), y}z) ), )/JG) (), ...), and an adjoint biorthogonal compete system of elements {y}pe, C
loo(Z,B3), ¥ = col (wlgl), w,ﬁz), w(3), ...). According to the Hahn-Banach theorem, each of the function-
als {y;, };.";1 defined on the subspace N(L) C loo(Z,B1) can be extended to the entire space loo(Z,B1) with
preservation of norm, and each of the functionals {¢s}7>, can be extended to the entire space loo(Z,B2).

Let X = (fl’ fz’ CEE) ﬁ’ .. ')? F() = (yl()’ )/2(')7 CRI) V]()’ .- ')T’ (p() = (@1(), ¢2(')’ BRI ‘Ps(')’ . . ')Tv
and ¥ = (Y1,¥2,..., ¥k, ...) be (0o, 00)-dimensional matrix operators; here, I'(X) = Eoo, P (¥) = Exo,
and E is the identity matrix.

Then the projectors Py (r):leo(Z,B1) — N(L) and Py, :1c(Z,B2) — YL can be represented as follows
[S, pp. 168, 172]:

(Pny2)(t) = X()(I'2)()  Vz €lo(Z.By),

ey
Py, y)(@) =¥ (@) (Py)() Yy €lwo(Z,B2).
We consider the problem of conditions for the solvability of the operator equation
(Liz)(1) = ¢(1) 2
and the representation of its solutions that satisfy the conditions
(z)() = «, 3)

where o € B.

Definition 1. The system of linear operator equations (1), (2) is called the linear inhomogeneous boundary-
value problem for Eq. (1), and the equations

(£z)() = col ((112) (). (122) (). (132) (), ..., (i2) (), ...) = col (. 02, 003, ..., i)

are called the boundary conditions of this problem.
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Intermediate Result

Consider the problem of conditions for the solvability of the operator equation

(Lz)(@) = (1) 4)

and the general form of its solutions that satisfy the initial condition

z(to) = zo, )
where tp € Z and z¢ € B;.

Definition 2. Problem (4), (5) is called the Cauchy problem for the inhomogeneous operator equation (4).

It is known [6] that the operator equation (4) is solvable for those and only those ¢(¢) € 1oo(Z, B») that satisfy
the condition

(Pyoe)@) = ¥()(@9)() = 0. (6)

Under condition (6), the general solution of Eq. (4) can be represented in the form [6]
z(t) = (Pny2) (1) + (L7@) (1), (M
where Z(¢) is an arbitrary element of the space loo(Z,B1) and L~ is the bounded generalized inverse of L, the

construction of which is described in [5-8] for operators L of various types.
Using representation (1) for the projector Ppyy. for every Z(1) € N(L) we get

(Pnwy2)(1) = X(1)(I'2)(-) = X(1)Zo. ®)

where Zo = col (y12)(-), (¥22)(*), ..., (¥jZ)(-),...) is an arbitrary column vector. It was shown in [9, p. 129]
that, with a properly chosen norm, the linear space whose elements are numerical sequences Zo for which equality
(8) holds is a Banach space. In what follows, we denote this Banach space by B,,, where w is the (finite or
infinite) dimension of the kernel of the operator L.

Substituting (8) into (7), we obtain the following general solution of the operator equation (4):

z(1) = X(1)Zo + (L7 9)(2). €))
It follows from (8) that every element z(¢) of the null space N(L) can be represented in the form
z(t) = X(1)Z2y.

This relation holds for any ¢ € Z, including ¢t = #9. Therefore, for any zog = z(fp), there exists an element
Zo € B;, such that

20 = X(t0)Zo,

where X(t9): B, — B1 is a linear bounded operator.
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The existence of the element Zo for any zg = z(fp) implies that the matrix equation
X(t0)Zo = zo (10)

is everywhere solvable, i.e., (a) N(X*(t9)) = {0}, and, hence, the projector to the subspace Yy, < By is
equal to zero, PYX(tO) = 0 V19 € Z, and (b) there exists the right inverse operator X, !(z9). Thus, the matrix
operator X(#p) is d-normal (d = 0) if dimker X(¢9) = oo or Noetherian if dimker X(z9) < oo and X(#g) is
a generalized invertible operator, i.e., X(t9) € GI(B,,B1)).

Thus, the matrix operator equation

X(t0)Z0 = zo — (L™ ¢)(t0),

which is obtained from Eq. (9) for ¢ = t, is everywhere solvable, and its general solution has the form [5, p. 175]

20 = PN(x(o)Zi + X7 ' (10)[20 — (L™ @) (10)]. (Ih

where Py (x(z,)) is the projector of the Banach space B, to the null space N(X(7)) of the operator X(z),
Zy 1s an arbitrary element of the Banach space of sequences B, and X, L(to) is the right inverse of the matrix
operator X(fp).

Substituting (11) into (9), we obtain the general solution of the Cauchy problem (4), (5):

2(t) = X(O{PNx o) Zn + X7 (t0)[20 — (L™9)(10)]} + (L) (1)

= Xo(t)z, + Go(t) + X(1) X, ' (t0)z0, (12)

where Xo(7) = X(1)Pn(x(1)) 1s the resolving operator [3] of the homogeneous problem (¢(z) = 0,z9 = 0),
zy, 1s an arbitrary vector from the Banach space B, and

Go(t) = (L™)(t) — X() X, (t0) (L™ ¢)(t0). (13)

Definition 3. Operator (13) is called the Green operator of the semihomogeneous (zo = 0) Cauchy problem

(4), (5).

Thus, the following theorem is proved:

Theorem 1. Let L € GI(1oo(Z,B1),100(Z,B2)) and let the spaces 1oo(Z,B1) and 1oo(Z,B2) have bases.
The Cauchy problem (3), (4) is solvable for those and only those ¢(t) € loo(Z,B2) that satisfy condition (6) with
any zog = z(tg), to € Z, and its general solution can be represented in the form

2(t) = Xo(t)z, + Go(t) + X(t) X (t0)2o.
Remark 1. 1f the operator equation (2) is everywhere solvable, then Py, = 0. In this case, the operator L

has the bounded right inverse L, ! [5]. If, in addition, the matrix operator X(¢) is invertible for any ¢ € Z, then
Pn(x(to)) = 0 and the Cauchy problem (4), (5) is everywhere solvable and has solutions of the form

z(t) = X)X " N(to)zo + (Ly o) (1) — X)X ' (10) (L7 9) (t0). (14)
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Remark 2. 1If L is the differential operator (Lz)(t) = z/(t) — A(¢t)z(t) acting in the Banach space

C([a; b],B) of functions continuous on [a;b], then the right inverse L, ! is an integral operator and relation
(14) takes the form [3, p. 148]

t

z(t) = Ul(t, to)zg + / U(t,1)e(t)dr,

to

where U(t,7) = U(t)U~1(x) is the evolution (resolving) operator.

Main Result

Infinite-Dimensional Normally Solvable Boundary-Value Problems. Consider the linear inhomogeneous
boundary-value problem (2), (3).

As shown above, Eq. (2) is solvable under condition (6), and its general solution has the form (9).

Substituting (9) into the boundary condition (3), we obtain the following matrix operator equation for the
element Zg € B;:

QZo =a—L(L79)(), 5)

where QO = {X(-):B,, — B is the matrix operator obtained by the substitution of the matrix operator X(t)
into the boundary condition. The matrix operator Q is bounded as the superposition of the bounded operators ¢
and X(1).

Assume that Q is a generalized invertible operator, i.e., QO € GI(B,B). By virtue of the normal solvability
of the operator Q, Eq. (14) is solvable for those and only those « and ¢(¢) that satisfy the condition

PYQ{“ - K(L_QD)()} =0, (16)

where Py, is the projector to the subspace ¥ C B isomorphic to the null space of the operator Q* adjoint to
the operator Q. Under condition (16), the operator equation (15) has the solution

Zo =Pn)zn + Qo = UL @) ()} (17)
where z,, is an arbitrary element of the Banach space B, and Q™ is the generalized inverse of the operator Q.

Substituting (17) into (9), we obtain the general solution of the boundary-value problem (2), (3) in the Banach
space with basis:

z(t) = X(O{(Prneoyzu)(®) + Q7 [a = EL(L™) O]} + (L™ 9)(1)

=X,z + (Go)(t) + X(1) 0 «a, (18)

where X, (t) = X()Pn(p) is the resolving operator of the homogeneous (¢(f),« = 0) boundary-value problem
(2), 3).

Definition 4. The operator (Go)(t) = (L™ @)(t) — X()O L(L™¢)(:) is called the generalized Green op-
erator of the semihomogeneous (e = 0) boundary-value problem (2), (3).
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Thus, the following statement is true:

Theorem 2. Let L € GI(1o0(Z,B1),1o0(Z.B2)), let O € GI(B,,B), and let the Banach spaces loo(Z,B1)
and loo(Z,B3) have bases. Then the homogeneous (p(t) = 0, a = 0) boundary-value problem (2), (3) has
linearly independent solutions of the form

z(t) = X(O)Pnoyzu = Xpu(t)zp,

where X, (t) is the resolving operator of the homogeneous (¢(t) = 0, a = 0) boundary-value problem and z,
is an arbitrary element of the Banach space By,.

The inhomogeneous boundary-value problem (2), (3) is solvable for those and only those ¢(t) € loo(Z,B2)
and o € B that satisfy the conditions

(Proo) (@) = ¥()(Pp)() =0,

Pyola —€(L™¢)()} = 0.
The general solution of the problem has the form

2(1) = Xu()zp + (Go)(1) + X(1) Q™ ax,
where (G@)(t) is the generalized Green operator.

Remark 3. 1In the case where Lz(t) = z/(t) — A(t)z(t) is an everywhere solvable differential operator,
boundary-value problems of the form (2), (3) were considered in [10, 11].

Remark 4. Comparing the theorem on the existence of solutions of the Cauchy problem (Theorem 1) and the
theorem on the existence of solutions of the boundary-value problem (Theorem 2), we conclude that the Cauchy
problem for an operator equation that is not everywhere solvable is a specific boundary-value problem.

The n- and d-Normally Solvable Boundary-Value Problems. Consider two special cases of the boundary-
value problem (2), (3).

1. Assume that a generalized invertible operator L is n-normal (dim N(L) = p < oo) and acts from the
infinite-dimensional Banach space 1o,(Z, B;) into the infinite-dimensional Banach space 1o (Z, B2). Also assume
that a linear bounded vector functional £ acts from the Banach space 1o,(Z, B1) into the Banach space B. Then
the matrix operator Q is also n-normal, i.e., the codimension of the kernel N(Q) is finite and the codimension
of the kernel N(Q)™* of the adjoint matrix operator Q* is infinite.

Theorem 3. Let the operator L € GI(loo(Z,B1),100(Z, B2)) be n-normal, let Q € GI(By,B),rank O < pu,
and let the Banach spaces loo(Z,B1) and 1oo(Z,B3) have bases. Then the homogeneous (p(t) = 0, o = 0)
boundary-value problem (2), (3) has an r = p —rank Q-parameter family of linearly independent solutions of the
form

z(t) = Xr(O)er, ¢ € R,
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where X, (t) = X(t)Pn, (@) is the resolving operator of the homogeneous (¢(t) = 0, a = 0) boundary-value
problem corresponding to problem (2), (3), Pn, (@) is the operator composed of r linearly independent columns
of the matrix projector Py (), and ¢, is an arbitrary constant vector from the Euclidean space R .

The inhomogeneous boundary-value problem (2), (3) is solvable for those and only those ¢(t) € loo(Z,B2)
and o € B that satisfy an infinite number of the linearly independent conditions

(Proe)(@) = ¥()(Pe)() =0,

Pyola —€(L79)()} =0
in this case, it has an r-parameter family of linearly independent solutions of the form
z(1) = X, ()er + (Go)(1) + X(1) Q™ a,

where (Go)(t) is the generalized Green operator of the semihomogeneous (a¢ = 0) boundary-value problem

(2), (3).

2. Assume that a generalized invertible operator L acts from the infinite-dimensional Banach space 1o (Z, B1)
into the infinite-dimensional Banach space loo(Z, B>), and a linear bounded vector functional £ acts from the Ba-
nach space loo(Z, B;) into the Euclidean space R™. Then the matrix operator Q is d-normal, i.e., the dimension
of its kernel N(Q) is finite and the dimension of the kernel N(Q*) of the adjoint matrix operator Q* is finite
and equal to d < m.

Theorem 4. Let L € GI(loo(Z,B1),100(Z,B2)), let Q € GI(By, R™), rank O < m, and let the Banach
spaces loo(Z,B1) and 15(Z,B2) have bases. Then the homogeneous (¢(t) = 0, a = 0) boundary-value
problem (2), (3) has an infinite family of linearly independent solutions of the form

z(1) = Xpu(t)zp,
where X, (1) = X(t)Pn(g) is the resolving operator of the homogeneous (¢(t) = 0, a = 0) boundary-value
problem corresponding to problem (2), (3) and z,, is an arbitrary element of the Banach space B,.

The inhomogeneous boundary-value problem (2), (3) is solvable for those and only those ¢(t) € loo(Z,B2)
and o € B that satisfy an infinite number of the linearly independent conditions

(PyLe)(@) = ¥(1)(@p)(-) =0
and the d = m —rank Q linearly independent conditions
Pro, o — UL ¢)()} = 0;
in this case, it has an infinite-dimensional family of linearly independent solutions of the form
z(t) = Xpu()zp + (Go) (1) + X() Q™ «,
where PYQ(] is the d xm operator matrix composed of the complete system of d linearly independent rows of the

matrix Py, and (G@)(t), is the generalized Green operator of the semihomogeneous (a = 0) boundary-value
problem (2), (3).
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Following [11], we call the boundary-value problems described by Theorems 3 and 4 r-normally solvable and
d-normally solvable.

Remark 5. 1In the case of finite-dimensional boundary-value problems for differential systems of equations
in Banach spaces ((Lz)(t) = z/(t) — A(t)z(¢)), problems of this type were considered in [11]. In this case, the
generalized inverse operator L~ admits an integral representation, and the generalized Green operator has the
form

b b
Go)(t) = / K(t.5)p(s)ds — X() Q¢ / K(5)p(s)ds.

Remark 6. 1f the functional £ satisfies the condition [12, p. 15]

b b
Z/K(-,s)<p(s)ds = /EK(-,S)(/)(S) ds,

then the generalized Green operator admits the representation

b

Go)(1) = / G(t.5)p(s) ds.

a

whose kernel
G(t,s) = K(t,s) — X(@t)Q LK(-s)

is called the generalized Green matrix.

Normally Solvable Boundary-Value Problems for Noetherian Operator Equations. Consider the bound-
ary-value problem (2), (3) under the assumption that L is a linear bounded Noetherian (dimker L = u < oo and
dimker L* = v < o0) operator that acts from the Banach space 1o(Z,B;) into the Banach space loo(Z,B5).,
£:100(Z,B1) — R™ is a linear bounded vector functional, and @ € R™.

Consider the problem of necessary and sufficient conditions for the solvability of the linear inhomogeneous
boundary-value problem (2), (3) and the structure of the set of its solutions z(¢) € loo(Z,B1) .

Since the null spaces N(L) and N(L*) of the operator L and its adjoint L* are finite-dimensional, they are
complementable in the Banach spaces loo (Z, B1) and 1o (Z, B,), respectively, and have finite-dimensional bases.
Following [5, pp. 168, 172], we construct the projectors Py(z) and Py, .

The Noetherian normally solvable operator equation (2) is solvable for those and only those ¢(¢) € loo(Z, B2)
that satisfy the condition

(Proe)(@) = ¥()(Pe)() =0, 19)

which consists of v linearly independent conditions.
Under condition (19), the general solution of Eq. (2) has the form

z(t) = Xpu(@)ep + (L79)(0), (20)
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where X, (7) is the oo x u operator matrix composed of u linearly independent basis vectors of the null space
N(L) of the operator L, ¢, € R" is an arbitrary constant vector, and L™: loo(Z,B2) — loo(Z,B1) is the
bounded generalized inverse of the Noetherian operator L [8, p.53].

For solution (20) of the inhomogeneous operator equation (19) to be a solution of the boundary-value problem
(2), (3), it is necessary and sufficient that the vector ¢, € R satisfy the algebraic system

X e +UL79)() = a,

which is obtained by the substitution of solution (20) into the boundary condition (3).

Let O = [X(-) be an m x p constant matrix, let Pygy: R* — N(Q) be a p X p projector matrix,
let Po+: R™ — N(Q¥) be an m x m projector matrix, and let O~ be the  x m generalized inverse of the
matrix Q.

Using the algebraic equation

Qcy =a—IU(L"9), 2D

we determine the constant ¢, € R* for which solution (20) of Eq.(2), which exists under condition (19), is a
solution of the boundary-value problem (2), (3). It follows from Theorem 3.9 in [8, p. 92] that Eq. (21) is solvable
if and only if

PYdQ{oz —4LL7))} =0, d=m—rankQ,

and has an r-parameter (r = p — rank Q) family of solutions of the form

¢ =Pn,o)cr + @ {a — UL 9)()}. (22)

where PYd o isthe d x m matrix composed of the complete system of d linearly independent rows of the pro-
jector matrix Py,,, and Py, (@) is the u x r matrix composed of the complete system of r linearly independent
columns of the projector matrix Py (g).

Substituting (22) into (20), we obtain the general solution of the boundary-value problem (2), (3):

z(t) = Xr (er + (Go) (1) + X(1) Q0w

Here, X;(t) = X(t)Pp, (o) is the operator matrix whose columns are the complete system of r linearly inde-
pendent solutions of the homogeneous (¢(¢) = 0, @ = 0) boundary-value problem (2), (3), and G:loo(Z,B3) —
ker{ C loo(Z,B1), (Go)(t) = (L™ ¢)(t) — X(t)OTI(L™¢)(:), is the generalized Green operator of the semiho-
mogeneous (o = 0) boundary-value problem (2), (3).

The following statement is true:

Theorem 5. If rank Q < min(m, i), then the homogenous (¢(t) = 0, a« = 0) boundary-value problem
(2), (3) has r and only r (r = u —rank Q) linearly independent solutions

Z(t) == Xr(t)Cr, Cr € Rr.

The inhomogeneous boundary-value problem (2), (3) with Noetherian operator L:loo(Z,B1) — loo(Z,B2)
is solvable for those and only those ¢(t) € loo(Z,B2) and a € R™ that satisfy the v + d linearly independent
conditions
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(P, o)) =0,

(23)
PYdQ{oz —4(L 7))} =0, d =m—rank Q;
in this case, it has the r-parameter family of linearly independent solutions
2(t) = Xr(Oer + (G)(O) + X(1)Q e, (24)

Now consider the boundary-value problem (2), (3) under the assumption that the operator equation (2) is
everywhere solvable. This implies that R(L) = loo(Z,B2), and, hence, Py, = 0. According to Corollary 2 of
Theorem 2.3 in [8, p. 55], the operator equation (Lz)(z) = ¢(¢) is solvable for any ¢(t) € 1oo(Z, B2) and has the
solution

z(t) = Xu(Oep + (L o) (1), ¢ € R™, (25)

where L;! is the linear bounded right inverse operator.
Since the equation (Lz)(t) = () is everywhere solvable, Theorem 5 is simplified and can be reformulated
as follows:

Theorem 6. If rank Q < min(m, i), then the homogeneous (¢(t) = 0, o = 0) boundary-value problem
(2), (3) has r and only v (r = yu —rank Q) linearly independent solutions

z(t) = Xp(t)er, ¢r € R,

The inhomogeneous boundary-value problem (2), (3) for the everywhere solvable operator equation Lz = ¢
is solvable for those and only those ¢(t) € loo(Z,B2) and o« € R™ that satisfy the d linearly independent
conditions

Pro,le — UL 9)()} =0, d =m—rank O;

in this case, it has the r-parameter family of solutions
z(t) = X, ()er + (Go)(1) + X(1) Q™ e,

where (Go)(t) = (L;1p)(t) — X(1)Q (L, ¢)(-) is the generalized Green operator.

Remark 7. 1f 1 = m and rank Q = p, then detQ # 0 (Py, = 0 and Pyg) =0) and 0~ = 0 '.In
this case, the boundary-value problem (2), (3) is not only everywhere but also uniquely solvable, and the general-
ized Green operator turns into the Green operator

(Go)(t) = (L, o)) — X(1) 0L, 9) ().
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