Ukrainian Mathematical Journal, Vol. 62, No. 2, 2010

SOLVABILITY CRITERION AND REPRESENTATION OF SOLUTIONS OF n-NORMAL
AND d-NORMAL LINEAR OPERATOR EQUATIONS IN A BANACH SPACE

V.F. Zhuravlev UDC 517.983

On the basis of a generalization of the well-known Schmidt lemma to the case of n-normal and d-
normal linear bounded operators in a Banach space, we propose constructions of generalized inverse
operators. We obtain criteria for the solvability of linear equations with these operators and formulas for
the representation of solutions of these equations.

The investigation of the solvability of boundary-value problems for countable systems of differential equations
[1] with finitely many boundary conditions and finite systems of differential equations with infinitely many bound-
ary conditions and the construction of their solutions require the construction of generalized inverse operators for
n-normal and d-normal operators [2].

The most completely studied and widely used methods for the generalized inversion of normally solvable oper-
ators are the Schmidt construction [3] for Fredholm operators (with nonzero kernels) and its analog for Noetherian
operators [4].

In the present paper, we prove lemmas that generalize the Schmidt lemma [5] to the case of normally solvable
operators that are n-normal or d-normal, propose constructions of their generalized inverses, and prove theorems
on the solvability of linear equations with these operators in Banach spaces and on the representation of solutions.

Statement of the Problem

Consider the problem of finding conditions for the existence of solutions of the equation

Lx =y (D

and their construction under the assumption that L is a linear, bounded, normally solvable operator that acts from
a Banach space By into a Banach space B, L:B; — Bj, and is n-normal or d-normal. If L:B; — B; isa
linear, bounded, n-normal operator, then we assume that its image is complementable in the space B, [6], i.e.,

B, =Y @& R(L). (2)

If L:By — By is a linear, bounded, d-normal operator, then its kernel N(L) is complementable in the space
Bl, i.e.,

Bi=N(L)® X. 3
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Let dim N(L) = u and dim N(L*) = v denote the dimensions of the null spaces of the operator L and its
adjoint L™, respectively. According to S. Krein’s classification [7], if w is finite and v is infinite, then L is an
n-normal operator, and, vice versa, if u is infinite and v is finite, then L is a d-normal operator.

We consider the problem of constructing a bounded generalized inverse L~ of the operator L, finding con-
ditions for the solvability of Eq. (1), and constructing a representation of its solutions.

Auxiliary Statements

First, we consider n-normal operators. Let{ f; le C N(L), fi = col (fl.(l),fi(z),fi(g’),...), be a
basis of the subspace N(L), which exists because the latter is finite-dimensional (& < 00). Assume that
the space B, has a basis. The space B} also has a basis as a space dual to By [8, p.131]. Therefore,
the subspace N*(L) C B} has a complete system of basis elements (functionals) {¢s(-)}32, C N*(L),
@s(-) = col (<p§1)(-),<p§2)(-),<p§3)(-), .. ) For the elements {f,-}ff=1 and functionals {@s(-)}°2,, there exist an

s=1’

adjoint biorthogonal [9] system of functionals {yj (-)};.L:1 C B}, yj(-) = col (y}l)(), y}z) ), 7’;3) ), -. .), and

an adjoint biorthogonal complete system of elements {yx}7> ; C B2, ¥ = col (wlgl), %52), W;ES), .. )

The functionals {y; (~)}7=1 and {¢s(-)} oo, defined on the subspaces N(L) C By and Y C B, (according
to the Hahn—Banach theorem) can be extended to the spaces B; and B,, respectively, with preservation of norm.
Let

X =(f1, f2s. s Ju)s

T'e) = (1167260’
4)

() = (01D, 02D r (), )T

U= (Y1.V2,.... Yk, ...)

denote, respectively, coxpu, uxoo, coxoo, and coxoo matrices; furthermore, I'(X) = £, and ®(¥) = E,
where E; and E are the identity matrices.

Taking notation (4) into account, we construct a projection operator Py (r):B1 — N(L) according to the
formula

Pnw)() =XT(),  Pwnw): Bi — By S
For the construction of a projection operator Py : B, — B,, we consider the sequence of projectors
Pyih () =¥ ®;() (6)
of the space B, to the subspaces Y; C Y spanned by the elements {y/x }izl.

Lemma 1. The sequence (6) of projectors Py ;) converges strongly (pointwise) to the projector

Py() =VO() = lim ¥;P;(-), Py:By — 7Y, @)
J—>00

where Y C By is the infinite-dimensional space spanned by the complete system of elements {s}32
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Proof. Using the definition of strong convergence in the norm of the space B, and the definition of the
matrices ® and ¥, for y € Y C B, we get

00 J 00 00
1Pry —Pr,yl =D esve =D oeVe| = | D e:ve| < D loe)vell.
£=1 £=1 E=j+1 E=j+1
The quantity
o0
> s (vl
E=j+1

tends to zero as j — oo as a remainder of the expansion

Do)V
=1

of an element y € Y in the system of elements {Ws}é’ip which is convergent in norm. Since the functionals
{o; }}";1 can be extended to the entire space B,, with preservation of norm, we can conclude that

(e.¢]

> lecorve| 0 as j oo
f=j+1

for any y € Bs.

The operators Py ;) and Py are projectors, i.e., they satisfy the conditions 7712\]( L= Pn (L) and 7712, = Py.
These projectors are bounded. The boundedness of the projector Py (zy follows from its finite dimensionality, and
the boundedness of the projector Py follows from the complementability of the image R(L) of the operator L [10].

The projectors Py () and Py divide the spaces By and B into direct topological sums of closed subspaces:

B1 = R(Pn()) ® N(Pn(r)): B, = R(Py) @ N(Py),

where N(Py(1)) = X, R(Pn()) = N(L), R(Py) =Y, and N(Py) = R(L).
Let us construct an isomorphism between the subspaces N(L) and Y; C Y. We compose the following
matrices of i rows and columns of the matrices ¢ and W:

6() = @1 ()’ 62(')? s ?@M('))T»
®)

The matrix W is composed of the system of elements {y;},_, C {¥x}’_, spanning the subspace Yi, and
the matrix @ is composed of functionals {ps()}'_, C {ps()}oc, that satisfy the relation @, (V) = Su.

s,k=1,2,...,u.
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We introduce the operators

Py, () =¥I(), ()€By,
)
Pnw)() = X(), () €By.
The operator 7_3Y1 is an extension of an operator that performs an isomorphism of N(L) onto Y to the

space By, and 7_3N( L) 1s an extension of the inverse of an isomorphic operator to the entire space Bs.
Using (8), we define a projection operator Py,:B1 — Y1 C Y by the relation

Pr,() =¥ O(). (10)
This operator divides the subspace Y into a direct topological sum of subspaces, namely,
Y=Y @Y, (1)

where Y, = Py,B> = (Py — Py,)B2, and is bounded.
For the class of normally solvable n-normal operators, we prove a statement analogous to the Schmidt lemma.

Lemma 2. Let L:B, — By be a linear, bounded, n-normal operator. Then the operator L=1L+ 7_)Y1
has a bounded left-inverse operator:

——1 = =1
Ll = (L + PY] )l .
The general form of the left-inverse operators Zlgl is given by the relation
—=1 —-1
Ly =L (Is,—Pr,).
Proof. Let L be an n-normal operator. For the operator L to be left invertible, it is necessary and sufficient
that the following conditions be satisfied [11]:
i) N(L) = {0}:
(ii) the linear manifold R(L) is a subspace that has a direct complement in B,.

Let us show that condition (i) is satisfied. Assume that there exists x¢ # 0, xo € By, such that
(L + Py,) xo = Lxo + ¥ T'(xp) = 0.

It is obvious that Lxg € R(L). It follows from the definition of the operator fyl that 7_7y1 Xg €Y1 CY.
However, the subspaces R(L) and Y mutually complement one another to the entire space B,. Therefore,
R(L)(Y = {0}, i.e., they have only one common (zero) element. Thus, Lxo = 0 and Py, xo = 0. This implies
that xo € N(L) and xo € N (7_3y1) C X. However, the subspaces N(L) and X also mutually complement one
another to the space B;. Therefore, N(L) ()X = {0}. This implies that xo = 0. Thus, N(L) = {0}.
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Let us prove that condition (ii) is satisfied. The complementability of the image R(L) in the space B, follows
from relation (11) and the complementability of the subspace R(L) (2):

B,=R(L)®Y1®Y,=R(L) D Y>.

Therefore, the operator L has a left inverse. The operator L maps the Banach space B bijectively to the
subspace B, © Y». Therefore, it follows from the Banach theorem [12] that the operator Zl_l is bounded. It is
known [11] that, in the general form, the left-inverse operators can be represented as follows: Zlgl = ZI_IP R(L)*
where Pp 7 is a certain projector to the image R(L) of the operator L. It follows from (11) that the operator

I, — Py, possesses this property, i.e., R(/p, — Py,) = R(Z ) Thus, the general representation of left-inverse
operators can be rewritten as follows:

——1
Ly,

—-1
= Ll (IBZ - PY2).
Lemma 2 is proved.

Remark 1. 1f dimker L < dimker L* < oo, i.e., L is a Noetherian operator of negative index, then
Lemma 2 reduces to Lemma 2.4 in [4, p. 47].

Remark 2. 1f dimker L = dimker L* = n < oo, i.e, L is a Fredholm operator of nonzero index, then
Lemma 2 reduces to the Schmidt lemma [3, p. 340].

We now establish several properties of and relations between the left-inverse operator Zlgl, projectors (5)
and (7), and operators (9).

-——1 . . .
Lemma 3. The operator L, satisfies the following relations:

——1 —
(a;) PnwyLi, =PnNw)

——1
(a2) LL;, =Ig,— Py,
(12)
__1 J—
(a3) Lj, Py =Pnw)
— 1
(as) Lj, L =1Ig, —PnN)

where I, and I, are the identity operators in the spaces By and Bz, respectively.

Proof. It follows from the definition of the left-inverse operator ZIEI that if it exists, then [11]
———1
L L, =Is,—Pr,,

'

0

L=Ig,.
Since

PnyL =0, Pnwy Py = Pnw).
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acting by the operator L on both sides of equality (a;) in (12) from the right we obtain the identity

Pnw) =Pnwyls, = PML)ZIQIZ =Pnw)(L +Pr)=Pnw)L + Pnw)Pr. =Pnw).

which proves this relation.
Since Py Py, = Py, and Py(Lx) = 0 because Lx € R(L), acting by the operator L + Py, on both
sides of equality (ap) in (12) from the right we obtain the identity

__1_ p— J— p— J— J—
L = LIB[ = LLIO L = (IBz —’Py)(L +PY1) =L +PY1 —PyL —'Pypyl =L +7DY1 —Pyl =L,

which proves this relation.
Further, since 7312, = Py and L7—7N(L) = 0, acting by the operator L on both sides of equality (a3) in (12)
from the left and using equality (ap) we obtain the identity

——1 j—
0= (]Bz —PY)PY = LL[O PY = LPN(L) = 0,

which proves equality (a3) in (12).
Acting by the operator ZZJI on both sides of equality (as) from the right and using equalities (a;)— (az) in
(12), we obtain the identity

——1 P~ ——1 ——1 ——1_, —1
Ll() —PN(L) == LlO 1B2 _Ll() PY == Ll() LLI()

——1 ——1 ——1 ——1 _
= (Is, —Pnw)) Li, =18, Ly, —Pnwyly, =Ly, —Prnw)

which proves this relation.
Lemma 3 is proved.

Now let L:B; — B, be a linear, bounded, d-normal operator. In this case, the subspace N(L) is infinite-
dimensional (i = 00), and the subspace N(L*) is finite-dimensional (v < 00). Assume that the space By has
abasis. Then N(L) also has a basis. Let { f;}72, C N(L) be a complete system of basis elements. The subspace
N(L*) has a finite-dimensional basis {¢s};_; C N(L*). For the elements {f;}?2, and functionals {¢@s}}_;.
there exist an adjoint biorthogonal [9] system of functionals {y; };?‘;1 C N*(L) C B} and an adjoint biorthogonal
complete system of elements {y};_, C Ba. Each of the functionals {y; }}";1 and {¢s}y_,; defined on the
subspaces N(L) C By and Y C B, (according to the Hahn—Banach theorem) can be extended to the spaces B
and B,, respectively, with preservation of norm.

By analogy with (3), let

X=0taoooi fson),
LO) = @10, 7200 750)- 07,

() = (¢10). 02(). - . ().

‘-I}:(WLWZVH’WU)
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denote, respectively, coxo0, cox00, Vxoo, and coxv matrices; furthermore, ['(X) = Es and ®(¥) = E,,
where Eo and E, are the identity matrices.
To construct a projection operator Py (r):B1 — N(L), we define the sequence of projectors

Pynoy) = Xili(), i=12,3,..., 13)
of the space B to the subspaces N;(L) of the null space N(L).
Lemma 4. The sequence (13) of projectors Py (1) converges strongly (pointwise) to the projector

Pnw)() = XT() = ll_l)rgo XiTi(), Pny: B1 — N(L). (14)

The proof is analogous to the proof of Lemma 1.

We define a projection operator Py:B, — Y of the space B, to the subspace Y as follows:
Py () = ¥O(). (15)

Consider the matrices

X=(1.Fa S0
(16)

TO) = @10.720.--. 7).
The oo x v matrix X is composed of arbitrary v columns of the matrix X, and the v x oo matrix T'(-) is

composed of functionals of the matrix I'(-) that satisfy the relation T'(X) = E,,, where E, is the identity matrix.
We introduce the operators

Py()=W¥TL(), ()eBy,

5]\H(L)() = Y(I)()v () € B».

The operator Py:B; — Y is an extension of an operator that realizes an isomorphism N(L) — Y to the entire
space By, and the operator Py, (1):B2 — N1(L) is an extension of its inverse to the space B,.
Using (16), we define a projection operator Py, (1):B1 — N1(L) C N(L) as follows:

Prnyy() =X T().
This operator is bounded and divides the subspace N (L) into a direct topological sum of subspaces, namely,
N(L) = N1(L) ® Na(L), Na>(L) = Pn,(1)B1, (17)

where Pn,) = Pn) — Pn, (L) 1s a bounded projector.
For the class of normally solvable d-normal operators, we prove a statement analogous to the Schmidt lemma.
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Lemma 5. Let L:B; — By be alinear, bounded, d-normal operator. Then the operator L =L+ 7Py has
a bounded right-inverse operator:

L =L +Py)

. . -1 . . ,
The general form of the right-inverse operators L, = is given by the relation

——1 ——1
Lro = (IBl - 7)]\/2(14))17 .
The proof is analogous to the proof of Lemma 2 and is not presented here.

Remark 3. If dimker L* < dimker L < oo, i.e., L is a Noetherian operator of positive index, then
Lemma 5 reduces to Lemma 2.4 in [4, p. 47].

D —-1 . . . . .
For the right-inverse operator L, =, the following lemma is true (this lemma is analogous to Lemma 3 and is
presented here without proof):

——1
Lemma 6. The operator L, satisfies the following relations:

— 1 —
(a1) PnwyLly, =Pn, )
——1
(az) LL,, =Ip,—Py,
(18)
__1 —
(a3) L., Py = PN, (L)

——1
(aq) Lro L =TIy, — Pn(r)-

where Ig, and Iy, are the identity operators in the spaces By and Bj, respectively.

Using the lemmas proved above, we can propose constructions of generalized inverse operators for n-normal
and d- normal operators.
We now formulate the main result of this paper.

Theorem 1. Let L be a linear, bounded, n-normal operator whose image R(L) is complementable in the
Banach space By. Then

_ =—=1 =
L™ =L, —Pnw) 19)
is a bounded generalized inverse operator for L.

Proof. 1t is necessary and sufficient to verify that L™ possesses the properties that define a generalized
inverse operator [13], namely,

L~ =L"LL-, L=LLL. (20)

To this end, we first show that

LL™ = Iy, — Py, L™ L = 1Ip, —Pn)- 21)
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Using equality (ap) from (12) and representation (19), we get
_ ——1 = —-1 =
LL™ = L(Ll0 —PNnw)) = LLl0 —LPnw)= I, — Py.
Using the relation

fN(L)(LZ) =0

and equality (a4q) from (12), we obtain
_ ——-1 = —-1 =
L™ L=(L;,, —Pnw)y)L=L;,, L-—Pnw)L =18 —Pnw)-
Taking (11) into account, we verify property (20). We have

LL™L =L(Iy; —Pnw)) = L—LPnu) =L,

L LL = (IB1 — PN(L)) L =L — PN(L)L_ =L~
because
_ —-1 = = =
PnayL™ =PnwyLi, —PnayPnw) =Pnw)—Prna) =0.

The boundedness of the operator L~ follows from the boundedness of the operators Zlgl and Pp(r).
The theorem is proved.

Remark 4. 1f a generalized inverse operator L has a finite-dimensional kernel and a finite-dimensional co-
kernel, i.e., if it is a Noetherian operator, then construction (19) reduces to construction 2.14 in [4, p. 53].

Using Lemma 5, we formulate a theorem that gives a construction of a generalized inverse of a d-normal
operator.

Theorem 2. Let L be a linear, bounded, d-normal operator whose kernel N(L) is complementable in the
Banach space B1. Then

L™ = Z,O — PNy (1) (22)

is a bounded generalized inverse operator for L.

Proof. The theorem is proved by the verification of relations (20), which define a generalized inverse operator.
The proof is analogous to that of Theorem 1.

Using Theorems 1 and 2 and constructions (19) and (22), we can find a solution of the operator equation (1)
with linear, bounded, n-normal (or d-normal) operator L in explicit form. The general solution of Eq. (1) is
the direct sum of the general solution X of the homogeneous equation Lx = 0 corresponding to Eq. (1) and the
particular solution x = L™y of the inhomogeneous equation (1). It follows from the definition of a projector to
the null space N(L) of the operator L that the general solution of the homogeneous equation can be represented
in the form

X = Pn)X,

where X € N(L) C By and X is an arbitrary element of the space Bj.
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Since the linear operator equation (1) is normally solvable, it is necessary and sufficient for its solvability that
the following condition be satisfied [12]:

Pnxy =0, (23)

where Py (+) is a projector to the null space of the operator L*. Condition (23) guarantees that y belongs to
the image R(L) of the operator L. Since R(L) = N(Py), relation (23) is equivalent to the condition

Pyy =0.

This reasoning enables us to formulate the following theorem:

Theorem 3. Let L be a linear, bounded, n-normal operator whose image R(L) is complementable in the
Banach space By. The operator equation (1) with linear, bounded, n-normal operator is solvable for those and
only those y € By for which the following condition is satisfied:

Pyy =0; (24)
in this case, Eq. (1) has a p-parameter family of solutions representable in the form of a direct sum, namely,
xX=X+Xx=Pyp)x+ Ly, (25)

where the first term is the general solution of the corresponding homogeneous equation and the second term is a
particular solution of the operator equation (1).

Proof. Substituting solution (25) into the original equation (1) and taking into account the first relation in (21)
and condition (24), we obtain
Lx =LPNu)y*+LL"y=LL"y=(s,—Py)y =1I8,y —Pry =1Ipy =y
With regard for the definition (5) of the operator Py (z), we represent a solution of Eq. (1) in the form

xX=Pyu)yX+L y=XI'(X)+L"y=Xc+ Ly,

where ¢ = I'(X) is an arbitrary constant vector from the space R*.

Since the projector Py is infinite-dimensional, a linear equation with n-normal operator is solvable if and
only if y € By satisfies infinitely many linearly independent conditions.

The following theorem is true for linear equations with d-normal operator:

Theorem 4. Let L be a linear, bounded, d-normal operator whose kernel N(L) is complementable in the
Banach space By. The operator equation (1) with linear, bounded, d-normal operator is solvable for those and
only those y € By for which condition (24) is satisfied; in this case, Eq. (1) has an infinite-dimensional family of
solutions representable in the form of a direct sum, namely,

X=X4+x= PN(L))% + L7y, (26)

where the first term is the general solution of the corresponding homogeneous equation and the second term is a
particular solution of the operator equation (1).
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With regard for the definition of the operator Py (), we represent a solution of Eq. (1) in the form
xX=Pyu)yX+L y=XI'(X)+ L y=Xc+ Ly,

where ¢ = T'(X) is an arbitrary constant vector from a Banach space of number sequences ¢ = {c1,¢2,¢3,...}
such that the series

oo
D fiei
i=1

is convergent.
Since the projector Py is finite-dimensional, a linear equation with d-normal operator is solvable if and only
if y € B, satisfies finitely many linearly independent conditions.

Example 1. Let us find solvability conditions for the equation

Ax =y,
where the oo x n matrix A has the form
1 1
Z 0 -
2 2
0O 0 O
1 1
20 =
4 4
0O 0 O
=11 1
A o L}
8 8
0 0 O
1 1
- 0 —
16 16
0 0 O

and determine the general form of a solution of this equation. It is obvious that the elements a;; of the matrix A
satisfy the relation

oo 3
E E ajj < o0.
i=1j=1

Therefore, A is a linear bounded operator that maps Rz into [, [14].
The operator A is the simplest case of an n-normal operator that acts from the space R3 into the space /5
because N(L) has two linearly independent basis vectors, namely
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fi=1]0 and hL=11],
0

and N(L*) has infinitely many linearly independent basis vectors:

—1 (0 (0
0

Y1 =

S O O O O N O
A
[\S)
I
S O O O O O =
A
w
I
|
A~

Y4 =

oSO O O O = O O O
A
191
[
|
~

% 1)

Let us construct the generalized inverse of the operator A.
The matrices X and I' composed of the basis vectors f; and y; have the form

0 T

10
Xx=|0 1], r=|o 1| . Tr)=E;.
-1 0 00

Then we construct a projection operator Py(4): R3 — N(A) according to the formula

1
Pnay=XI'=] 0
—1

PN(A)I R3 — R3.

oS = O
=l ]

The matrices ® and ¥ composed of the basis vectors ¢ and ¥, have the form

197

27
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(-1 0.0 0 0 0 0 0 g
o 1 o0 o O 0 0 O
2 0 2 0 O 0 0 O
o o o0 1 0 0o 0 O
=10 0 -4 0 -4 0 0 O )
0 O o o0 1 o0 O
0 O 0 0 8 0
0 O o o0 o0 o0 1 ...
)
(-1 0 0 0 0 0 0 0
o 1 o O 0 0 o0 O
o o o0 o o 0 O
o o 1 o o0 0 O
0 0 ! o o0 o0 o0 o0 ...
U= 4 . (V) = Eeo.
o o0 o o0 o0 1 o0 O
0 O ! 0 ! 0O 0 O
8 8
o o o o0 o0 o0 o0 1 ...
We construct a projection operator Py:l, — Y according to formula (7)
(1 o -2 0 0 0 0 0 )
0 1 0o 0 0 o0 O
0 0o 0 0 0 o0
o o 1 0 0 0 O
0 o0 ! o 1 0 0 0 ...
Py = Ud = 2 , Pyl —> Y.

Since the dimension of the null space N(A) of the operator A is equal to 2, we define matrices (8) as
follows:
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T
@—10000000...
“\o 1000000 ...)°

- 10200000 ...
“\o 1000000 ..)

Then operators (9) take the form

“1.0 0
1 0
Py, =¥l = 0 0],
0 0
1 0
5N(A)=X6= 0 1
0 —2
We construct the operator A:

1 1 1 1
20 L) Lo =
2 2 2 2

(100
0 0 0 0 1 0
Lo, ! 0 10 Lo, !
4 4 0 0 0 4 4
0 0 0 0 0 0 0 0 0
A=A+Py, =1 o L]l+]o oo]=]1 4!
8 8 8 8

0 0 0
0 0 0 0 0 0

0 0 0
1 1 ) |
16 16 0 00 16 16
0 0 0 Ry 0 0 0

The left inverse Zl_l of the operator A has the form
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-1020 1 0 -20 1 0 =2
A, =10 101 -1 0 2 0 -1 0 2
1 020 -8 0 16 0 =32 0 o4

. . —-1 . .
To determine the general form of the left-inverse operators A; -, we construct the projector / — Py,. Using
relation (10), we get

Py, =

&
<l
I
o o O O O
S O © o = O
N
o |
—_
- O
SN
oS O
oS O
\/
I
o O o o O
o O o O = O
oS O O O O N
oS O O O O O
o O o O o O

Since Py, = Py — Py,, we have

1 0 0 0 0 O \
0o 1 0 0 0 O
0o 0 1 0 0 O
0o 0 o0 o0 0 O
1
0o 0 - 0 0 O
2
o= Pr = Iny =Py 4Py = | 000000
o 0 - 0 0 O
4
0o 0 0 O 0 O
1
o 0 - 0 0 O
8
O 0 0 O 0 O

In the chosen basis, the general form of a left-inverse operator with respect to the projector Py, is as follows:

-1 02000000
Zlglzzl_l(IBz_’PYz): 0O 1.0000O0O0O
1 02000000

According to (20), the generalized inverse operator A~ has the form
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000000000
A= =7, ~Pyay=[0 00000000

00 400O0O0O0GO0

Then, by virtue of Theorem 4, Eq. (27) is solvable for those and only those y € I, that satisfy the condition

1 0 -2 0 0 0 0 0
O 1 0 0 0 0 0 0 1
O 0 0 0 0 0 0 0 72
O 0 0 1 0 0 0 0 3
1 Ya
Pry=[0 0 -3 0 1 0 0 0 b [ =0
O 0 0 0 0 1 0 0 I
0 0 —i 0 0 0 1 0 Y7
s
O 0 0 0 0 0 0 1

For example, the vector

1 1
y =col (2y3, 0, y3, 0, 573 0, 773 0, .. )
satisfies this condition. Under this condition, the equation has a two-parameter family of solutions:

x=Pyap)y*x +L y=XT(X)+L"y

(22
0
V3
0

1 00 c1 000000000...1 c1 0

=10 10 c2|+]10 0 0 0 00 O0O0O0 ... §y3=cz+0
-1 0 0/ \c3 00400O0O0O0TCO0 ... 0 —C1 4ys3

1

Zy3

0

\ i)
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