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ON SERIAL POSETS WITH POSITIVE-DEFINITE QUADRATIC TITS FORM

V. M. Bondarenko1 and M. V. Stepochkina2 UDC 512.647.2+512.562

We describe all serial posets with positive-definite quadratic Tits form and prove that any poset of order
greater than 7 with positive-definite Tits form is serial.

Quadratic forms are encountered in the solution of various problems in algebra, geometry, the theory of differ-
ential and integral equations, operator theory, and other fields of mathematics (see, e.g., [1–26]). Among them, an
important role is played by quadratic Tits forms for oriented graphs, posets, algebras, etc. In the present paper, we
consider exactly these forms.

1. Formulation of the Main Result

First, recall some definitions.
Let S be a finite or an infinite poset. We say that S is the sum of its subsets A1, . . . , As and write S =

A1 + . . . + As if S = ∪s
i=1Ai and Ai ∩ Aj = ∅ for i �= j. If all elements of different terms are always

incomparable, then S is called the direct sum of the indicated subsets. Further, according to [27], the sum S =
A1 + . . . + As is called one-sided if (up to enumeration of terms) one has i < j whenever there exist elements
b ∈ Ai and c ∈ Aj for i �= j such that b < c. According to [27], the sum S = A1 + . . . + As is called
minimax if it follows from the relation x < y, where x and y belong to different terms, that x and y are,
respectively, minimal and maximal elements of the set S. Formally, a direct sum is minimax. Nevertheless,
considering minimax sums in what follows, we always assume for convenience that they are not direct.

A subset of a poset S is understood as a complete partially ordered subset, i.e., a partial order on it is induced
by a partial order on S.

The form qS(z) : ZS∪0
0 → Z defined by the equality

qS(z) = z2
0 +

∑
i∈S

z2
i +

∑
i<j, i, j∈S

zizj − z0

∑
i∈S

zi,

where ZS∪0
0 is a subset of the Cartesian product ZS∪0 = {(zi), i ∈ S ∪ 0} that consists of all vectors with finitely

many nonzero coordinates
(
if S is finite, then ZS∪0

0 = ZS∪0
)
, is called a quadratic Tits form of the poset S.

We now formulate the main result.
A finite or an infinite poset S with positive-definite Tits form is called serial if, for any natural m, there exists

a poset T for which the following conditions are satisfied:

(a) S is a subset of T ;

(b) |T \ S| = m ;

(c) the Tits form of the set T is positive definite.
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Theorem 1. Any poset of order greater than 7 with positive-definite Tits form is serial.

In the process of the proof of the theorem, we indicate the explicit form of serial posets.

2. Structure of Serial Posets

We call a poset with a unique pair of incomparable elements a quasichain (a chain is an arbitrary linearly
ordered set). The maximum number of pairwise-incomparable elements of a poset is called the width of the poset.

Let us prove the following theorem:

Theorem 2. A poset S with positive-definite Tits form is serial if and only if one of the following conditions
is satisfied:

(1) S is a direct sum of two chains;

(2) S is a one-sided minimax sum of two chains;

(3) S is a direct sum of a chain and a quasichain.

Note that the chains in conditions (1) and (3) can be empty.
Geometrically, conditions (1)–(3) have the form

(1) (2)

�

����
�
�
�
�
�
��

(3)

� ��
���

��

��

��

(here, the vertical lines are chains and the inclined segments do not contain intermediate points).
In fact, this theorem follows from the results of [27]. Namely, according to the main theorem of [27], an infinite

poset has a positive-definite Tits form if and only if it has the form (1), (2), or (3). This means that Theorem 2 is
true for infinite posets. This implies that Theorem 1 is also true for infinite posets because, in a poset of the form
(1), (2), or (3), one can easily indicate a point such that, after the replacement of this point by a chain of m points,
a new poset has the same form.

In the proof of the theorem in [27], a certain list of posets for which the Tits form is not positive definite was
used. Since this list is finite and consists of only finite posets, this means that there exists a certain natural number
N such that any finite poset of order greater than N with positive-definite Tits form has the form (1), (2), or (3).
This yields Theorem 2 for finite posets (see the explanation for infinite posets). Note that to prove Theorem 1 for
finite posets is to show that the number 7 may be taken as N.

In view of Theorem 2, it is easy to see that a poset of order n ≤ 7 with positive-definite Tits form can be not
serial. For example, the poset T = {a, b1, b2, c1, c2 | b1 < b2, c1 < c2} (of order 5) is not serial.



314 V. M. BONDARENKO AND M. V. STEPOCHKINA

3. Proof of Theorem 1 (for Finite Posets)

In the proof of the theorem, we use the notion of (min, max)-equivalence of posets introduced in [28].
Recall the definition of this equivalence.
Let S be a poset and let a be its minimal (respectively, maximal) element. For elements x, y ∈ S, we write

x >< y if x and y are incomparable. Denote the set of elements x ∈ S incomparable with a fixed element a ∈ S

by S><(a). We always identify one-element subsets of S with the elements themselves.
Let S↑

a

(
respectively, S↓

a

)
denote the poset thus defined. As an ordinary set (i.e., regardless of a partial order),

this is S ; moreover, the partial order on S \ a is preserved, a is a maximal (respectively, minimal) element, and
a > x (respectively, a < x) if and only if x ∈ S><(a).

Further, we write S↑↑
xy instead of (S↑

x)↑y, etc.
Let S and T be posets satisfying the condition S = T as ordinary sets. We call them (min, max)-equivalent

and write T ∼=(min,max) S if

T = S
ε1ε2...εp
x1x2...xp (p ≥ 0),

where εi ∈ {↑, ↓} and, for each i = 1, . . . , p, xi is a minimal (respectively, maximal) element of S
ε1ε2...εi−1
x1x2...xi−1 if

εi = ↑ (respectively, εi = ↓); note that x1, x2, . . . , xp are not necessarily different. For p = 0, we assume that
T = S.

In the case where all arrows in this notation are directed upward (respectively, downward), the posets S and
T are called min-equivalent (respectively, max-equivalent). Note that any (min, max)-equivalent posets are both
min-equivalent and max-equivalent. However, we neither prove this statement nor use it in the present paper.

It was proved in [28] that (min, max)-equivalent posets have equivalent Tits forms. Therefore, it is quite natural
to study posets with positive-definite Tits form up to this equivalence.

The statement presented below follows directly from the definition of (min, max)-equivalence.

Proposition 1. Suppose that T1 is the set of all minimal elements of a poset T of order n and (inductively)
Ti, i > 1, is the set of all minimal elements of T \ (∪i−1

j=1Tj); the notation h(x) = i for x ∈ T means that
x ∈ Ti. Then, for any sequence without repetitions (x1, x2, . . . , xn) such that h(x1) ≤ h(x2) ≤ . . . ≤ h(xn),
the relation T ′ = T ↑↑...↑

x1x2...xn is meaningful and, moreover, T ′ = T.

We now pass to the proof of Theorem 1 for finite posets (for infinite posets, see the previous section). By
virtue of Theorem 2, it suffices to show that any poset of order greater than 7 with positive-definite Tits form has
the form (1), (2), or (3).

Denote the width of a poset X (the maximal number of its pairwise-incomparable elements) by w(X).
Let S be a (finite) poset. We fix a certain maximal element a in S and denote the set of all elements x ∈ S

such that x < a by S(a). For S(a), we fix the sequence (y1, y2, . . . , ys) indicated in Proposition 1 and consider
the poset T = S↑↑...↑

y1y2...ys . It is obvious that the element a in T is both minimal and maximal.
Since the Tits form q(z) of a poset that consists of four pairwise-incomparable elements, say, 1, 2, 3, and

4, is not positive definite (q(z) = 0 for z0 = 2 and z1 = z2 = z3 = z4 = 1), the case w(T ) ≥ 4 is impossible,
and, hence, w(T ) ≤ 3. Therefore, it is obvious that the poset P = T ↑

a has the width w ≤ 2.

Thus, we have proved that the poset S is min-equivalent to a certain poset P of width 2 : P = S↑↑...↑↑
y1y2...ysa.

Then S = P ↓↓...↓↓
ays...y2y1

(
because X↑↓

yy = X and X↓↑
zz = X for an arbitrary minimal element y and an arbitrary

maximal element z of any poset X
)
. Using the results of Sec. 2, we can complete the proof of Theorem 1

according to the following scheme:

I. Show that any poset of a set S of width w ≤ 2 and order n > 7 with positive-definite Tits form has the
form (1), (2), or (3) (in the last case, the chain that is the direct summand must be empty because otherwise w = 3).
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II. Show that if a poset S of width w ≤ 3 and order n > 7 has the form (1), (2), or (3) and x is a maximal
element of S, then S↓

x is either a poset of width w′ ≤ 2 [in this case, according to I, it has the form (1), (2), or
(3)] or a poset of width 3 that has the form (3).

The statement required by step I was proved in [29].
We now proceed to step II.
Let S be a poset of width w ≤ 3 and order n > 7 that has the form (1), (2), or (3). In the second case,

for definiteness, we assume that the minimal element of the first chain is smaller than the maximal element of the
second chain. Let x be the maximal element of S and let T = S↓

x. Then the following assertions are true:

(1.1) if S has the form (1), then w(T ) ≤ 2 [namely, T also has the form (1)];

(2.1) if S has the form (2) and x belongs to the first chain, then w(T ) ≤ 2 [namely, T also has the form
(2)];

(2.2) if S has the form (2) and x belongs to the second chain, then T has the form (3) (both cases w(T ) = 2
and w(T ) = 3 are possible here);

(3.1) if S has the form (3) and x belongs to the chain, then T has the form (3) (both cases w(T ) = 2 and
w(T ) = 3 are possible here);

(3.2) if S has the form (3), x belongs to the quasichain, and the quasichain has a single maximal element,
then w(T ) = 3 and T has the form (3);

(3.3) if S has the form (3), x belongs to the quasichain, and the quasichain has two maximal elements, then
w(T ) ≤ 2 [namely, T also has the form (2)].

Theorem 1 is proved.

Note that the statement required in step II is also true for n ≤ 7 (the proof is analogous).
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